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Ââåäåíèå
Ñèñòåìà MATLAB ÿâëÿåòñÿ ìîùíûì è óíèâåðñàëüíûì ñðåä-

ñòâîì ðåøåíèÿ èíæåíåðíî-òåõíè÷åñêèõ çàäà÷, âîçíèêàþùèõ â
òîé èëè èíîé îáëàñòÿõ äåÿòåëüíîñòè ÷åëîâåêà. Ïî ìíåíèþ ñïå-
öèàëèñòîâ, ðàáîòàþùèõ ñ ýòîé ñèñòåìîé, áëàãîäàðÿ áèáëèîòå-
êå ÷èñëåííûõ ìåòîäîâ, ñîäåðæàùåéñÿ â MATLAB, íè îäíà èç
ñèñòåì âèçóàëüíîãî ïðîãðàììèðîâàíèÿ íà áàçå óíèâåðñàëüíûõ
àëãîðèòìè÷åñêèõ ÿçûêîâ òèïà Basic, C++, Java íå ìîæåò ñðàâ-
íèòüñÿ ñ MATLAB íè ïî îáúåìó, íè ïî êà÷åñòâó1.

Â MATLAB ðåàëèçîâàíû êëàññè÷åñêèå ÷èñëåííûå àëãîðèò-
ìû ðåøåíèÿ óðàâíåíèé, ðàçëè÷íûõ çàäà÷ ëèíåéíîé àëãåáðû,
âû÷èñëåíèÿ îïðåäåëåííûõ èíòåãðàëîâ, ðåøåíèÿ äèôôåðåíöè-
àëüíûõ óðàâíåíèé, ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé.

Â äàííûõ ìåòîäè÷åñêèõ óêàçàíèÿõ ðàññìàòðèâàþòñÿ ïðèìå-
ðû âû÷èñëåíèÿ îïðåäåëåííûõ èíòåãðàëîâ è íàõîæäåíèÿ íåîïðå-
äåëåííûõ èíòåãðàëîâ ïðè ïîìîùè êàê ÷èñëåííûõ, òàê è ñèì-
âîëüíûõ ìåòîäîâ èíòåãðèðîâàíèÿ.

1ñì.Þ.Êåòêîâ,À.Êåòêîâ,Ì.Øóëüö. MATLAB 6.X: ïðîãðàììèðîâàíèå
÷èñëåííûõ ìåòîäîâ. � ÑÏá.: ÁÕÂ-Ïåòåðáóðã,2004.
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Ãëàâà 1

Ñèìâîëüíîå âû÷èñëåíèå
èíòåãðàëîâ

Ñèìâîëüíîå èíòåãðèðîâàíèå ïðèìåíÿåòñÿ, åñëè ïîäûíòå-
ãðàëüíàÿ ôóíêöèÿ èìååò ïåðâîîáðàçíóþ, âûðàæàþùóþñÿ ÷åðåç
ýëåìåíòàðíûå èëè ñïåöèàëüíûå ôóíêöèè.

1.1 Íàõîæäåíèå íåîïðåäåëåííûõ èíòå-
ãðàëîâ.

Äëÿ íàõîæäåíèÿ íåîïðåäåëåííûõ èíòåãðàëîâ â ñèìâîëü-
íîì âèäå èñïîëüçóåòñÿ ôóíêöèÿ int, èìåþùàÿ ñëåäóþùèé ñèí-
òàêñèñ:

int(f, x),

ãäå

• f(x) � ïîäûíòåãðàëüíàÿ ôóíêöèÿ;

• x � ïåðåìåííàÿ èíòåãðèðîâàíèÿ.

Ðàññìîòðèì íåñêîëüêî ïðèìåðîâ íàõîæäåíèÿ íåîïðåäåëåííûõ
èíòåãðàëîâ:
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Ïðèìåð 1.1.1
∫

dx

a2 − (bx)2

Îáúÿâëÿåì ñèìâîëüíûå ïåðåìåííûå è íàõîäèì èíòåãðàë

>> syms a b x
>> int(1/(a^2-(b*x)^2))

ans =

-1/2/a/b*log(a-b*x)+1/2/a/b*log(a+b*x)

Îòâåò:
∫

dx

a2 − (bx)2= − 1

2ab
ln(a− bx) +

1

2ab
ln(a + bx)

Ïðèìåð 1.1.2
∫

lnx

x3 dx

>> syms x
>> I=int(log(x)/x^3)
I =

-1/2*log(x)/x^2-1/4/x^2

Îòâåò:
∫

lnx

x3
dx=− ln x

2x2
− 1

4x2

1.2 Âû÷èñëåíèå îïðåäåëåííûõ èíòå-
ãðàëîâ.

Äëÿ âû÷èñëåíèÿ îïðåäåëåííûõ èíòåãðàëîâ â ñèìâîëüíîì âè-
äå èñïîëüçóåòñÿ ôóíêöèÿ int, èìåþùàÿ ñëåäóþùèé ñèíòàêñèñ:

int(f, x, a, b),

ãäå
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• f(x) � ïîäûíòåãðàëüíàÿ ôóíêöèÿ;

• x � ïåðåìåííàÿ èíòåãðèðîâàíèÿ;

• a � íèæíèé ïðåäåë èíòåãðèðîâàíèÿ;

• b � âåðõíèé ïðåäåë èíòåãðèðîâàíèÿ.

Ðàññìîòðèì íåñêîëüêî ïðèìåðîâ âû÷èñëåíèÿ îïðåäåëåííûõ èí-
òåãðàëîâ:

Ïðèìåð 1.2.1
b∫

a

dx

a2 + (bx)2

>> syms a b x
>> int(1/(a^2+(b*x)^2),a,b)
ans =

-(-atan(b^2/a)+atan(b))/a/b

Ïîëó÷èëè îòâåò â ñèìâîëüíîì âèäå:
b∫

a

dx

a2 + (bx)2
= −(− arctg b2

a
+ arctg b)

ab

Ïðèìåð 1.2.2
7∫

3

x dx

1 + x2

>> syms x
>> y=x/(1+x^2);
>> int(y,3,7)
ans =
1/2*log(5)
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×òîáû ïîëó÷èòü ïðèáëèæåííîå çíà÷åíèå èíòåãðàëà, ìîæíî âû-
ïîëíèòü êîìàíäó vpa, ëèáî ïðîñòî âûäåëèòü ïîëó÷åííîå âûðà-
æåíèå è íàæàòü <Enter>:

>> vpa(ans,16)
ans =

.8047189562170500
>> format long
>> 1/2*log(5)
ans =

0.80471895621705

Ïðèìåð 1.2.3
2∫

1

ln xdx

>> syms x
>> y=log(x);
>> I=int(y,1,2)
I =

2*log(2)-1
>> format long
>> 2*log(2)-1

ans =

0.38629436111989
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1.3 Âû÷èñëåíèå äâîéíûõ èíòåãðàëîâ.
Ôóíêöèþ int ìîæíî èñïîëüçîâàòü äëÿ âû÷èñëåíèÿ äâîéíûõ

èíòåãðàëîâ. Ñíà÷àëà íåîáõîäèìî ïåðåéòè ê ïîâòîðíîìó èíòå-
ãðàëó, îïðåäåëèòü ïðåäåëû èíòåãðèðîâàíèÿ âíóòðåííåãî è âíåø-
íåãî èíòåãðàëîâ è ïîñëåäîâàòåëüíî èõ âû÷èñëèòü.

Ïðèìåð 1.3.1
∫

D

∫
y exp x dxdy

Îáëàñòü èíòåãðèðîâàíèÿ D îãðàíè÷åíà êðèâûìè

D : y = 1, y = 2, x = 0, x = ln y.

>> syms x y
>> z=y*exp(x);
>> I=int(int(z,x,0,log(y)),y,1,2)

I =

5/6

Ïðèìåð 1.3.2
∫

D

∫
x

x2 + y2 dxdy

Îáëàñòü èíòåãðèðîâàíèÿ D îãðàíè÷åíà êðèâûìè

D : y =
x2

2
, y = x, x = 0, x = 2.

Ïîñòðîèì îáëàñòü èíòåãðèðîâàíèÿ:

>> ezplot('x-y*0-2',[-4 4 0 4])
>> hold on
>> ezplot('x^2/2',[-4 4 0 4])
>> hold on
>> ezplot('x',[-4 4 0 4])
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>> syms x y
>> z=x/(x^2+y^2);
>> I=int(int(z,y,x^2/2,x),x,0,2)

I =

log(2)

1.4 Âû÷èñëåíèå òðîéíûõ èíòåãðàëîâ.
Àíàëîãè÷íî âû÷èñëÿþòñÿ è òðîéíûå èíòåãðàëû. Íåîáõîäè-

ìî ïîñëåäîâàòåëüíî âû÷èñëèòü òðè èíòåãðàëà.

Ïðèìåð 1.4.1
∫∫

V

∫
dxdydz

(x + y + z + 1)3

Îáëàñòü èíòåãðèðîâàíèÿ V îãðàíè÷åíà êîîðäèíàòíûìè
ïëîñêîñòÿìè è ïëîñêîñòüþ x + y + z = 1, òî åñòü

V : x = 0, y = 0, z = 0, x + y + z = 1.
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Ïðåæäå âñåãî, íàäî îïðåäåëèòü ïðåäåëû èíòåãðèðîâàíèÿ è ïå-
ðåéòè ê ïîâòîðíîìó èíòåãðàëó.

∫∫

V

∫
dxdydz

(x + y + z)3
=

1∫

0

dz

1−z∫

0

dy

1−y−z∫

0

dx

(x + y + z + 1)3

>> syms x y z
>> w=1/(x+y+z+1)^3;
>> I=int(int(int(w,x,0,1-y-z),y,0,1-z),z,0,1)
I =

-5/16+1/2*log(2)

>> -5/16+1/2*log(2)
>> vpa(I,14)
ans =

.3407359027998e-1
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Ãëàâà 2

Ìåòîäû ïðèáëèæåííîãî
âû÷èñëåíèÿ îïðåäåëåííûõ
èíòåãðàëîâ

Â îñíîâå ìåòîäîâ ïðèáëèæåííîãî âû÷èñëåíèÿ èíòåãðàëîâ
ëåæèò ñóììèðîâàíèå çíà÷åíèé ïîäûíòåãðàëüíîé ôóíêöèè, âû-
÷èñëåííûõ äëÿ ðÿäà ðàâíîñòîÿùèõ çíà÷åíèé íåçàâèñèìîé ïåðå-
ìåííîé. Èñòîëêîâûâàÿ îïðåäåëåííûé èíòåãðàë

b∫

a

f(x)dx

êàê ïëîùàäü êðèâîëèíåéíîé òðàïåöèè, ðàñïîëîæåííîé ïîä
ãðàôèêîì ôóíêöèè y = f(x), ñòàâèòñÿ çàäà÷à î íàõîæäåíèè
ýòîé ïëîùàäè. Âñïîìíèì íåêîòîðûå ìåòîäû ïðèáëèæåííîãî âû-
÷èñëåíèÿ èíòåãðàëîâ.

2.1 Ôîðìóëà ïðÿìîóãîëüíèêîâ.
Â ýòîì ñëó÷àå èñêîìàÿ ïëîùàäü êðèâîëèíåéíîé òðàïåöèè

çàìåíÿåòñÿ ïëîùàäüþ íåêîòîðîé ñòóïåí÷àòîé ôèãóðû, ñîñòîÿ-
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ùåé èç ïðÿìîóãîëüíèêîâ (èëè îïðåäåëåííûé èíòåãðàë çàìåíÿ-
åòñÿ èíòåãðàëüíîé ñóììîé). Ôîðìóëà ïðÿìîóãîëüíèêîâ èìååò
âèä:

b∫

a

f(x) ≈ b− a

n
(y0 + y1 + ... + yn−1) ,

ãäå yi = f(ξi), xi 6 ξi 6 xi+1, i = 1, 2, 3, ..., n− 1

Îñòàòî÷íûé ÷ëåí ôîðìóëû ïðÿìîóãîëüíèêîâ:

Rn = −(b− a)3f ′′(ξ)
24n2

, a 6 ξ 6 b

Àáñîëþòíàÿ ïîãðåøíîñòü ïðèáëèæåííîãî ðàâåíñòâà ôîðìóëû
ïðÿìîóãîëüíèêîâ îöåíèâàåòñÿ ñëåäóþùèì îáðàçîì:

|Rn| 6 (b− a)3M2

24n2

ãäå M2 � íàèáîëüøåå çíà÷åíèå |f ′′(x)| íà îòðåçêå [a, b].

2.2 Ôîðìóëà òðàïåöèé.
Êðèâàÿ, çàäàííàÿ ôóíêöèåé y = f(x), çàìåíÿåòñÿ âïèñàí-

íîé â íåå ëîìàíîé ñ âåðøèíàìè â òî÷êàõ (xi, yi), ãäå yi = f(xi),
i = 1, 2, 3, ..., n−1. Îòðåçîê [a, b] ðàçáèò íà ðàâíûå ÷àñòè, è ïëî-
ùàäü êðèâîëèíåéíîé òðàïåöèè ïðèáëèæåííî ðàâíà ñóììå ïëî-
ùàäåé îáû÷íûõ òðàïåöèé ñ îñíîâàíèÿìè yi è yi+1 è âûñîòîé
h = b−a

n
:

b∫

a

f(x) ≈ b− a

n

(
y0 + yn

2
+ y1 + y2 + ... + yn−1

)
.

Äàííîå âûðàæåíèå íîñèò íàçâàíèå ôîðìóëû òðàïåöèé.
Îñòàòî÷íûé ÷ëåí ôîðìóëû òðàïåöèé:

Rn = −(b− a)3f ′′(ξ)
12n2

, a 6 ξ 6 b
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Àáñîëþòíàÿ ïîãðåøíîñòü ïðèáëèæåííîãî ðàâåíñòâà ôîðìóëû
òðàïåöèé îöåíèâàåòñÿ ñëåäóþùèì îáðàçîì:

|Rn| 6 (b− a)3M2

12n2
,

ãäå M2 � íàèáîëüøåå çíà÷åíèå |f ′′(x)| íà îòðåçêå [a, b].

2.3 Ôîðìóëà Ñèìïñîíà.
Íà ýòîò ðàç êðèâàÿ y = f(x) íà êàæäîì îòðåçêå [xi, xi+1]

ðàçáèåíèÿ çàìåíÿåòñÿ äóãàìè ïàðàáîë. Â èòîãå ïîëó÷àåòñÿ ïðè-
áëèæåííîå ðàâåíñòâî:

b∫

a

f(x) ≈ h

3
(y0 + 4y1 + 2y2 + ... + 2y2n−2 + 4y2n−1 + y2n) ,

ãäå
h =

b− a

n
.

Âûðàæåíèå íàçûâàåòñÿ ôîðìóëîé Ñèìïñîíà. Åþ ïîëüçóþòñÿ
äëÿ ïðèáëèæåííîãî âû÷èñëåíèÿ èíòåãðàëîâ ÷àùå, ÷åì ôîðìó-
ëàìè ïðÿìîóãîëüíèêîâ è òðàïåöèé, ïîòîìó ÷òî îíà äàåò áîëåå
òî÷íûé ðåçóëüòàò.
Îñòàòî÷íûé ÷ëåí ôîðìóëû Ñèìïñîíà:

Rn = −(b− a)5f IV (ξ)

180(2n)4
, a 6 ξ 6 b

Àáñîëþòíàÿ ïîãðåøíîñòü ïðèáëèæåííîãî ðàâåíñòâà ôîðìóëû
Ñèìïñîíà îöåíèâàåòñÿ ñëåäóþùèì îáðàçîì:

|Rn| 6 (b− a)5M4

180(2n)4
,

ãäå M4 � íàèáîëüøåå çíà÷åíèå |f IV (x)| íà îòðåçêå [a, b].
Âñå ïðèâåäåííûå ôîðìóëû ïðèáëèæåííîãî âû÷èñëåíèÿ èíòå-
ãðàëîâ íàçûâàþòñÿ êâàäðàòóðíûìè ôîðìóëàìè.

12



Ãëàâà 3

Âû÷èñëåíèå îïðåäåëåííûõ
èíòåãðàëîâ ÷èñëåííûìè
ìåòîäàìè

3.1 Âû÷èñëåíèå èíòåãðàëîâ ìåòîäîì
òðàïåöèé.

Äëÿ âû÷èñëåíèÿ èíòåãðàëà ìåòîäîì òðàïåöèé â MATLAB
èñïîëüçóåòñÿ ôóíêöèÿ trapz, èìåþùàÿ ñëåäóþùèé ñèíòàêñèñ:

trapz(x, y)

ãäå

• x � âåêòîð, ñîäåðæàùèé äèñêðåòíûå çíà÷åíèÿ àðãóìåíòîâ
ïîäûíòåãðàëüíîé ôóíêöèè;

• y � âåêòîð,ñîäåðæàùèé ñîîòâåòñòâóþùèå çíà÷åíèÿ ïîäûí-
òåãðàëüíîé ôóíêöèè.

Äëèíû âåêòîðîâ x è y îäèíàêîâû.
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Ïðèìåð 3.1.1
2∫

1

ln(x) dx

Îòðåçîê [1, 2] ðàçáèâàåòñÿ íà ðàâíûå ïðîìåæóòêè ñ øàãîì h =
0.1, ïîëó÷àåì âåêòîð, ñîäåðæàùèé äèñêðåòíûå çíà÷åíèÿ àðãó-
ìåíòà, çàòåì ïîëó÷àåì âåêòîð, ñîäåðæàùèé ñîîòâåòñòâóþùèå
çíà÷åíèÿ ïîäûíòåãðàëüíîé ôóíêöèè.

>> x=1:0.1:2
x =

Columns 1 through 4
1.0000 1.1000 1.2000 1.3000
Columns 5 through 8
1.4000 1.5000 1.6000 1.7000
Columns 9 through 11
1.8000 1.9000 2.0000

>> y=log(x)
y =

Columns 1 through 4
0.0000 0.0953 0.1823 0.2624
Columns 5 through 8
0.3365 0.4055 0.4700 0.5306
Columns 9 through 11
0.5878 0.6419 0.6931

>> trapz(x,y)

ans =

0.38587793674575

Äëÿ îöåíêè òî÷íîñòè çíà÷åíèÿ èíòåãðàëà âû÷èñëèì ýòîò æå
èíòåãðàë, èñïîëüçóÿ ìåíüøèé øàã ðàçáèåíèÿ îòðåçêà.
Øàã h = 0.05.
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>> x=1:0.05:2;
>> y=log(x);
>> trapz(x,y)
ans =

0.38619020963221

Òî÷íîå çíà÷åíèå ýòîãî èíòåãðàëà I = 2 ln 2− 1 ,
à ïðèáëèæåííîå 0.38629436111989 1.
Ìîæíî çàìåòèòü, ÷òî ñ óìåíüøåíèåì øàãà ðàçáèåíèÿ îòðåçêà
óâåëè÷èëàñü òî÷íîñòü âû÷èñëåíèÿ èíòåãðàëà.
Óìåíüøèì åùå ðàç øàã èíòåãðèðîâàíèÿ (h = 0.01):

>> x=1:0.01:2;
>> y=log(x);
>> trapz(x,y)
ans =

0.38629019447753

Òàêèì îáðàçîì, ïðèìåíÿÿ ìåòîä òðàïåöèé, íåîáõîäèìî ïîäáè-
ðàòü òàêîé øàã èíòåãðèðîâàíèÿ h, ÷òîáû ïîãðåøíîñòü ïîëó÷åí-
íîãî çíà÷åíèÿ èíòåãðàëà áûëà êàê ìîæíî ìåíüøå.

3.2 Âû÷èñëåíèå èíòåãðàëîâ ìåòîäîì
Ñèìïñîíà.

Â MATLAB ìåòîäû èíòåãðèðîâàíèÿ áîëåå âûñîêèõ ïîðÿä-
êîâ òî÷íîñòè ðåàëèçóþòñÿ ôóíêöèÿìè quad è quad8. Äëÿ âû-
÷èñëåíèÿ èíòåãðàëà ìåòîäîì Ñèìïñîíà â MATLAB èñïîëüçóåò-
ñÿ ôóíêöèÿ quad. Ïðè îáðàùåíèè ê íåé øàã èíòåãðèðîâàíèÿ íå
çàäàåòñÿ, à âìåñòî ýòîãî èñïîëüçóåòñÿ (çàäàâàåìàÿ ÿâíî èëè ïî
óìîë÷àíèþ) òðåáóåìàÿ òî÷íîñòü âû÷èñëåíèÿ èíòåãðàëà.

1ñì. ïðèìåð 1.2.3
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Ôóíêöèÿ quad èìååò ñëåäóþùèé ñèíòàêñèñ:

quad(fun, a, b, tol, trace)

Îáÿçàòåëüíûìè àðãóìåíòàìè quad ÿâëÿþòñÿ:

• fun � óêàçàòåëü íà ïîäûíòåãðàëüíóþ ôóíêöèþ;

• a, b � ïðåäåëû èíòåãðèðîâàíèÿ.

Óêàçàòåëü fun ìîæåò áûòü çàäàí îäíèì èç òðåõ ñïîñîáîâ:

• èìåíåì Ì-ôóíêöèè, çàêëþ÷åííûì â îäèíàðíûå êàâû÷êè;

• óêàçàòåëåì @fun, ãäå fun � èìÿ ôóíêöèè;

• ñòðîêîé, ñîäåðæàùåé ôîðìóëó.

Äîïîëíèòåëüíî ìîæíî çàäàòü ñëåäóþùèå ïàðàìåòðû:

• tol � ïîãðåøíîñòü âû÷èñëåíèÿ èíòåãðàëà (ïî óìîë÷àíèþ
tol = 1.e− 6);

• trace � ïàðàìåòð, ïîçâîëÿþùèé äåòàëüíî ïðîñëåäèòü çà
ïîñëåäîâàòåëüíûìè âû÷èñëåíèÿìè.

Åñëè trace = 1, òî â ïðîöåññå ðàáîòû âûäàåòñÿ ïîñëåäîâàòåëü-
íîñòü ñòðîê, â êîòîðûõ ïîêàçàíû òåêóùèå çíà÷åíèÿ ñîîòâåò-
ñòâóþùèõ ïåðåìåííûõ íà êàæäîì øàãå âû÷èñëåíèÿ:

• êîëè÷åñòâî âû÷èñëåíèé èíòåãðèðóåìîé ôóíêöèè;

• ëåâûé êîíåö ïðîìåæóòêà;

• äëèíà ýòîãî ïðîìåæóòêà;

• íàéäåííîå çíà÷åíèå èíòåãðàëà ïî ýòîìó ïðîìåæóòêó

(ïî óìîë÷àíèþ trace = 0).
Ðàññìîòðèì ïðèìåðû èñïîëüçîâàíèÿ ôóíêöèè quad.
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Ïðèìåð 3.2.1
2∫

1

ln(x) dx

>> format long
>> quad('log(x)',1,2)
ans =

0.38629433433642

Ñðàâíèâ ñ ðåçóëüòàòîì 0.38629436111989, ìû ìîæåì ñäåëàòü âû-
âîä, ÷òî â ýòîì ñëó÷àå ïîãðåøíîñòü ïîëó÷åííîãî çíà÷åíèÿ äî-
âîëüíî ìàëà.
Òåïåðü çàäàäèì òî÷íîñòü âû÷èñëåíèÿ tol = 1.e− 24:

>> quad('log(x)',1,2,1.e-24)
ans =

0.38629436111989

Èíòåãðàë âû÷èñëÿåòñÿ ìåäëåííåå, íî ñ åùå ìåíüøåé ïîãðåøíî-
ñòüþ.

Ïðèìåð 3.2.2
Âû÷èñëèòü èíòåãðàë îò ôóíêöèè

f(x) = ex + x + 2sinx− 5

ñ ïîãðåøíîñòüþ 10−7 , ãäå 1 6 x 6 5.
Ñîçäàäèì M-ôàéë fun, â êîòîðîì îïðåäåëÿåòñÿ ïîäûíòåãðàëü-
íàÿ ôóíêöèÿ.

function y=fun(x)
y=exp(x)+x.^2+2*sin(x)-5;

Äàëåå íàõîäèì èíòåãðàë ïî îäíîìó èç äâóõ âàðèàíòîâ:
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1. ïåðâûì àðãóìåíòîì quad óêàçûâàåì èìÿ ôàéëà â îäèíàð-
íûõ êàâû÷êàõ;

>> quad('fun',1,5,1.e-7)
ans =

1.675414908484830e+002

2. ïåðâûì àðãóìåíòîì quad çàäàåòñÿ óêàçàòåëü @fun.

>> quad(@fun,1,5,1.e-7)
ans =

1.675414908484830e+002

3.3 Âû÷èñëåíèå äâîéíûõ èíòåãðàëîâ.
Â MATLAB äâîéíûå èíòåãðàëû âû÷èñëÿþòñÿ ôóíêöèåé

dblquad, èìåþùåé ñëåäóþùèé ñèíòàêñèñ:

dblquad(fun, a, b, c, d, tol, trace)

Îáÿçàòåëüíûìè àðãóìåíòàìè äëÿ dblquad ÿâëÿþòñÿ ïÿòü:

• fun � óêàçàòåëü íà ïîäûíòåãðàëüíóþ ôóíêöèþ;

• a, b � ïðåäåëû èíòåãðèðîâàíèÿ âíóòðåííåãî èíòåãðàëà;

• c, d � ïðåäåëû èíòåãðèðîâàíèÿ âíåøíåãî èíòåãðàëà.

Óêàçàòåëü íà ïîäûíòåãðàëüíóþ ôóíêöèþ çàäàåòñÿ êàê è äëÿ
quad 2.

2ñì.ðàçäåë 3.2
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Ïðèìåð 3.3.1
∫

D

∫
(xsiny + ysinx)dxdy

Îáëàñòü èíòåãðèðîâàíèÿ D îãðàíè÷åíà ïðÿìûìè

D : y = 0, y = 1, x = 1, x = 2.

>> format long
>> z='x.*sin(y)+y.*sin(x)';
>> dblquad(z,1,2,0,1)
ans =

1.16777110966887

Ïðèìåð 3.3.2
∫

D

∫
(y2 sin x)dxdy

Îáëàñòü èíòåãðèðîâàíèÿ D îãðàíè÷åíà êðèâûìè

D : y = 0, y = 1 + cos x, x = 0, x = π.

Ïîñòðîèì îáëàñòü èíòåãðèðîâàíèÿ:

>> ezplot('1+cos(x)')
>> hold on
>> ezplot('x*0-y')
>> hold on
>> ezplot('y*0-x')
>> hold on
>> ezplot('x-pi-y*0')

Ìû âèäèì, ÷òî îáëàñòü èíòåãðèðîâàíèÿ � íå ïðÿìîóãîëüíèê. Â
òàêèõ ñëó÷àÿõ áåðåòñÿ ïðÿìîóãîëüíàÿ îáëàñòü è îòñåêàåòñÿ âñå
íåíóæíîå ïðè ïîìîùè ëîãè÷åñêèõ âûðàæåíèé, êîòîðûå ìîãóò
ïðèíèìàòü òîëüêî äâà çíà÷åíèÿ: true (èñòèíà) � 1 èëè false
(ëîæü) � 0. ×òîáû ïîëó÷èòü íóæíóþ îáëàñòü, íàäî ïîäûíòå-
ãðàëüíóþ ôóíêöèþ f(x, y) óìíîæèòü íà 1, êîãäà x è y ïðèíàä-
ëåæàò D, è óìíîæèòü íà 0, êîãäà x è y íå ïðèíàäëåæàò D.
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Â íàøåì ïðèìåðå 0 6 y 6 (1 + cos x), 0 6 x 6 π.
Ñîçäàäèì Ì-ôàéë, â êîòîðîì îïðåäåëèì íîâóþ ïîäûíòåãðàëü-
íóþ ôóíêöèþ:

function w= z(x,y)
w=(y.^2.*sin(x)).*((y<=(1+cos(x))));

È äàëüøå âû÷èñëÿåì èíòåãðàë ïî ïðÿìîóãîëüíîé îáëàñòè:

>> format long
>> dblquad('z',0,pi,0,2)
ans =

1.33332811668523

Ïðèìåð 3.3.3
Âû÷èñëèòü ïëîùàäü ïîâåðõíîñòè, çàäàííîé ôóíêöèåé

z(x, y) = sin 5
√

x3 + y3 + xy cos 5
√

xy,

ãäå 3 6 x 6 4 , 2 6 y 6 4.
Ñòðîèì ãðàôèê ôóíêöèè

>>ezsurf('sin((x^3+y^3)^(1/5))+x*y*cos((x*y)^(1/5))')
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Ïëîùàäü ïîâåðõíîñòè, çàäàííîé ôóíêöèåé z(x, y) ìîæíî âû-
÷èñëèòü ïî ôîðìóëå

S =

∫

D

∫ √
1 + z′x

2 + z′y
2dxdy.

Íàéäåì ÷àñòíûå ïðîèçâîäíûå z′x è z′y. Äëÿ ýòîãî èñïîëüçóåì
ñèìâîëüíîå äèôôåðåíöèðîâàíèå:

>> syms x y
>> z=sin((x^3+y^3)^(1/5))+cos((x*y)^(1/5))*x*y;
>> zx=diff(z,x)
zx =

3/5*cos((x^3+y^3)^(1/5))/(x^3+
y^3)^(4/5)*x^2-1/5*sin((x*y)^(1/5))/
(x*y)^(4/5)*y^2*x+cos((x*y)^(1/5))*y

>> zy=diff(z,y)
zy =
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3/5*cos((x^3+y^3)^(1/5))/(x^3+
y^3)^(4/5)*y^2-1/5*sin((x*y)^(1/5))/
(x*y)^(4/5)*x^2*y+cos((x*y)^(1/5))*x

Ïîäñòàâèì z′x è z′y è âñå äåéñòâèÿ (óìíîæåíèå, âîçâåäåíèå â ñòå-
ïåíü, äåëåíèå) ïðîèçâåäåì ïîýëåìåíòíî (a.*b, a.^b, a./b):
>> z1='sqrt(1+(3/5.*cos((x.^3+

y.^3).^(1/5))./(x.^3+
y.^3).^(4/5).*x.^2-
1/5.*sin((x.*y).^(1/5))./
(x.*y).^(4/5).*y.^2.*x+
cos((x.*y).^(1/5)).*y).^2+
(3/5.*cos((x.^3+...
y.^3).^(1/5))./(x.^3+
y.^3).^(4/5).*y.^2-
1/5.*sin((x.*y).^(1/5))./
(x.*y).^(4/5).*x.^2.*y+
cos((x.*y).^(1/5)).*x).^2)';

Íàêîíåö, âû÷èñëèì ïëîùàäü ïîâåðõíîñòè. Â íàøåì ñëó÷àå îá-
ëàñòü èíòåãðèðîâàíèÿ D îãðàíè÷åíà ïðÿìûìè

D : y = 2, y = 4, x = 3, x = 4

>> format long
>> S=dblquad(z1,3,4,2,4)
S =

4.18932448175145

3.4 Âû÷èñëåíèå òðîéíûõ èíòåãðàëîâ.
Âû÷èñëåíèå òðîéíîãî èíòåãðàëà âîçìîæíî â MATLAB ñ ïî-

ìîùüþ ôóíêöèè triplequad. Ñèíòàêñèñ triplequad àíàëîãè÷åí
ñèíòàêñèñó quad è dblquad 3, äîáàâëÿþòñÿ òîëüêî åùå äâà ïðå-

3ñì.ðàçäåëû 3.2 è 3.3
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äåëà èíòåãðèðîâàíèÿ:
triplequad(f, a, b, c, d, n, m, tol, trace).

Ïðèìåð 3.4.1
∫∫

V

∫
(x2y2z)dxdydz

Îáëàñòü èíòåãðèðîâàíèÿ
V : x = 1, x = 3, y = 0, y = 2, z = 2, z = 5.

>> format long
>> triplequad('x.^2.*y.^2.*z',1,3,0,2,2,5)
ans =

2.426666666666667e+002
Çàìåòèì, ÷òî âû÷èñëåíèå òðîéíîãî èíòåãðàëà ñ ïîìîùüþ ôóíê-
öèè triplequad âîçìîæíî ïî ëþáîé îáëàñòè V .

Ïðèìåð 3.4.2
∫∫

V

∫ (
5x +

3z

2

)
dxdydz

Îáëàñòü èíòåãðèðîâàíèÿ
V : x = 1, x = y, y = 0, z = 0, z = x2 + 15y2.

Ïîñòóïèì òàê, êàê âû÷èñëÿëè äâîéíîé èíòåãðàë 4. Çàäàäèì
ïîäûíòåãðàëüíóþ ôóíêöèþ, èñïîëüçóÿ ëîãè÷åñêèå âûðàæåíèÿ,
à çàòåì èíòåãðèðóåì óæå ïî îáëàñòè, îãðàíè÷åííîé ïëîñêîñòÿ-
ìè, ïàðàëëåëüíûìè êîîðäèíàòíûì ïëîñêîñòÿì.
>> triplequad('(5.*x+3.*z./2).*((y<=x)&(z<=x.^2+15.*

y.^2))',0,1,0,1,0,16)
ans =

12.96295711771103
4ñì.ïðèìåð 3.3.2
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Ïðèìåð 3.4.3
∫∫

V

∫
dxdydz

(x + y + z + 1)3

Îáëàñòü èíòåãðèðîâàíèÿ

V : x = 0, y = 0, z = 0, x + y + z = 1.

>> format long
>> triplequad('(1./(x+y+z+1).^3).*

(x+y+z<=1)',0,1,0,1,0,1)
ans =

0.03407615322804

Ìîæíî ñðàâíèòü ïîëó÷åííûé ðåçóëüòàò ñî çíà÷åíèåì èíòåãðàëà
â ïðèìåðå 1.4.15.

5ñì.ñòð.9
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Ãëàâà 4

Çàäàíèÿ äëÿ
ñàìîñòîÿòåëüíîé ðàáîòû

4.1 Ïðèìåðû âûïîëíåíèÿ çàäàíèé.
Ïðèìåð 1. Ïîñòðîèòü ãðàôèê ôóíêöèè, âû÷èñ-
ëèòü äëèíó êðèâîé íà çàäàííîì îòðåçêå.

y =
x2

4
− ln x

2
, 1 6 x 6 2.

Ñòðîèì ãðàôèê ôóíêöèè:

>> ezplot('x^2/4-log(x)/2')

Äëèíà êðèâîé âû÷èñëÿåòñÿ ïî ôîðìóëå:

l =

b∫

a

√
1 + y′2dx , a 6 x 6 b.

Â äàííîì ñëó÷àå ó ôóíêöèè z =
√

1 + y′2 ñóùåñòâóåò âû÷èñ-
ëÿåìàÿ ïåðâîîáðàçíàÿ, ïîýòîìó äëÿ âû÷èñëåíèÿ èíòåãðàëà âîñ-
ïîëüçóåìñÿ ôóíêöèåé int:
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>> syms x
>> y=x^2/4-log(x)/2;

Íàõîäèì y′x:

>> yx=diff(y)
yx =

1/2*x-1/2/x

Çàäàåì ïîäûíòåãðàëüíóþ ôóíêöèþ z =
√

1 + y′2:

>> z=sqrt(1+yx^2)
z =

(1+(1/2*x-1/2/x)^2)^(1/2)

Âû÷èñëÿåì äëèíó äóãè:

>> L=int(z,1,2)
L =

3/8*4^(1/2)+1/4*4^(1/2)*log(2)

>> 3/8*4^(1/2)+1/4*4^(1/2)*log(2)

ans =
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1.09657359027997

Ïðèìåð 2. Ïîñòðîèòü ãðàôèê ôóíêöèè, âû÷èñ-
ëèòü äëèíó êðèâîé íà çàäàííîì îòðåçêå.

y = cos3
√

x · sin 2x + x2 , 2 6 x 6 4

Ñòðîèì ãðàôèê ôóíêöèè:

>> ezplot('(cos(sqrt(x)))^3*sin(2*x)+x^2')
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Äëèíà êðèâîé âû÷èñëÿåòñÿ ïî ôîðìóëå:

l =

b∫

a

√
1 + y′2dx , a 6 x 6 b

Íå áóäåì ïûòàòüñÿ íàõîäèòü ïåðâîîáðàçíóþ äëÿ ïîäûíòåãðàëü-
íîé ôóíêöèè, ïðîñòî äëÿ âû÷èñëåíèÿ èíòåãðàëà âîñïîëüçóåìñÿ
ôóíêöèåé quad.
Ñíà÷àëà íàéäåì â ñèìâîëüíîì âèäå y′x = yx:
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>> syms x
>> y=cos(sqrt(x))^3*sin(2*x)+x^2;
>> yx=diff(y)
yx =

-3/2*cos(x^(1/2))^
2*sin(2*x)*sin(x^(1/2))/
x^(1/2)+2*cos(x^(1/2))^3*cos(2*x)+2*x

Äàëåå çàäàåì ïîäûíòåãðàëüíóþ ôóíêöèþ

z =
√

1 + y′2,

íå çàáûâàÿ âñå äåéñòâèÿ ïðîèçâîäèòü ïîýëåìåíòíî
(a.*b, a.^b, a./b):

>> z='sqrt(1+(-3/2.*cos(x.^(1/2)).^
2.*sin(2.*x).*sin(x.^(1/2))./x.^
(1/2)+2.*cos(x.^(1/2)).^3.*cos(2.*x)+
2.*x).^2)';

>> format long
>> L=quad(z,2,4)

L =

12.10400926317780

Ïðèìåð 3. Âû÷èñëèòü äâîéíîé èíòåãðàë.
∫

D

∫
(9x2 cos y + 48y3 sin x)dxdy

Îáëàñòü D : x = 1, y =
√

x, y = −x2.
Ïîñòðîèì îáëàñòü èíòåãðèðîâàíèÿ:

>> ezplot('x-1-0*y',[-1 2 -1 1])
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>> hold on
>> ezplot('sqrt(x)',[-1 2 -1 1])
>> hold on
>> ezplot('-x^2',[-1 2 -1 1])
>> grid on
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1

x

x−1−0 y = 0

y

function w=db(x,y)
w=(9.*x.^2.*cos(y)+48.*sin(x).*y.^3).*((y>=-x.^2)&

(y<=sqrt(x)));

>> dblquad('db',0,1,-1,1)
ans =

5.52915363090841
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Ïðèìåð 4. Íàéòè ìàññó òåëà.
Òåëî V çàäàíî îãðàíè÷èâàþùèìè åãî ïîâåðõíîñòÿìè, µ �

ïëîòíîñòü:

64(x2 + y2) = z2, x2 + y2 = 4, y = 0, z = 0, (y > 0, z > 0)

µ =
5(x2 + y2)

4

Ïîäûíòåãðàëüíóþ ôóíêöèþ çàäàåì, èñïîëüçóÿ ëîãè÷åñêèå âû-
ðàæåíèÿ
(
√

(64(x2 + y2)) <= z) è ((x2 + y2) <= 4)
Äàëåå íàõîäèì ãðàíèöû îáëàñòè � ïðÿìîóãîëüíîãî ïàðàëëåëå-
ïèïåäà:
x = −2, x = 2, y = 0, y = 2, z = 0, z = 16

>> format long
>> triplequad('(5.*(x.^2+y.^2)./4).*((x.^2+y.^2<=4)&

(8.*sqrt(x.^2+y.^2)<=z))',-2,2,0,2,0,16)

ans =

50.26504685694752

Íàäî çàìåòèòü, ÷òî âû÷èñëåíèå çàíèìàåò äîâîëüíî îùóòèìûé
ïðîìåæóòîê âðåìåíè.

Ïðèìåð 5. Íàéòè íåîïðåäåëåííûå èíòåãðàëû.

1.
∫

x2
√

x3 + 5dx

2.
∫

1

a sin x + b cos x
dx

3.
∫

x2 − 2x + 3

(x− 1)(x3 − 4x2 + 3x)
dx
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Äëÿ íàõîæäåíèÿ íåîïðåäåëåííûõ èíòåãðàëîâ èñïîëüçóåì ôóíê-
öèþ int:

1. >> syms x
>> y=x^2*sqrt(x^3+5);
>> I=int(y)
I =
2/9*(x^3+5)^(3/2)

2. >> syms x a b
>> y=1/(a*sin(x)+b*cos(x));
>> I=int(y)
I =
-2/(b^2+a^2)^(1/2)*atanh(1/2*(-2*b*...
tan(1/2*x)+2*a)/(b^2+a^2)^(1/2))

3. >> syms x
>> y=(x^2-2*x+3)/((x-1)*(x^3-4*x^2+3*x));
>> I=int(y)
I =
1/(x-1)+1/2*log(x-1)-log(x)+1/2*log(x-3)
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4.2 Âàðèàíòû çàäàíèé äëÿ ñàìîñòîÿ-
òåëüíîé ðàáîòû.

1. Ïîñòðîèòü ãðàôèê ôóíêöèè è âû÷èñëèòü äëè-
íó ïîëó÷åííîé êðèâîé íà îòðåçêå.

1. y = cos2(
√

x) sin 2x + x2, 2 6 x 6 3

2. y = ln(3x2)− sin2 5x cos x, 1 6 x 6 2

3. y = arctg 5
√

x cos3 x

2
sin x, 2 6 x 6 4

4. y =
1

x
cos x3 − ln x4 +

x2

2
, −2 6 x 6 −1

5. y = sin 2x cos
x

2
− e−

√
x, 4 6 x 6 5

6. y = cos 2x sin2 3x + ln(x2 + 13), −2 6 x 6 2

7. y = − cos x sin 15x3 + 3
√

x, 0 6 x 6 1

2

8. y = arctg(5x4)− ln
√

x + sin3 x3, 1 6 x 6 15

10

9. y = arctg
5
√

x2 + cos
x

2
sin x7,

1

2
6 x 6 1

10. y = x3 cos 2x sin x3, −1 6 x 6 1

11. y = x−5 cos 3
√

x− ln x2 − x−3 sin x
2
5 , 1 6 x 6 4

12. y = e−x + sin2 3x + cos
x

2
sin x, −2 6 x 6 2

13. y =
sin2 2x

ln x2
+ cos3 x +

√
x3 + 134, 2 6 x 6 3

14. y = earctg 3
√

x + cos3 5x2 +
x2

2
, 1 6 x 6 3
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15. y =
5
√

x3 + 16− ecos x
2 + sin7 x

2
, −1 6 x 6 5

16. y = arctg
√

x4 + 13 sin2 x2 · e−x, −2 6 x 6 0

17. y = e− arctg x3
+ cos

3
√

x7 − x + 1 + sin2 x

2
, 1 6 x 6 3

18. y = cos3 14x2 sin2 x +
√

4− x2, −1 6 x 6 1

19. y = −
√

123− x3 + earctg x
2 cos2 5x, −2 6 x 6 4

20. y = cos2 x +
sin7 3

√
x√

x2 − 3
, 3 6 x 6 5

21. y = e− arctg(x2 + 8) − cos2 x + x2 sin x, −4 6 x 6 4

22. y =
x2

5
+ cos3 x

2
− sin2 5x cos x, −2 6 x 6 2

23. y =
√

cos2 x + sin3 x, 0 6 x 6 2

24. y = cos(x4 + 4x3 +
x

2
− 105) + cos 5x sin3 x

2
− x2,

−2 6 x 6 2

25. y = cos
3
√

x6 + 16x− 1021 sin x + ecos 3x, −1 6 x 6 1

26. y = − sin5 2x + cos x sin
x

2
+

x4

4
sin x2, 0 6 x 6 4
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2. Âû÷èñëèòü
∫
D

∫
z(x, y) dxdy.

1. z = 12x2 cos y + 16x3 sin2 y

D : x = 1, y = x2, y = −√x

2. z = 36x2 sin y − 96x3 cos2 y

D : x = 1, y = −x3, y = 3
√

x

3. z = 18x3 sin y2 + 32y3 cos2 y

D : x = 1, y = x3, y = − 3
√

x

4. z = 27y2 sin yx + 48x3 sin y

D : x = 1, y = −x2, y = − 3
√

x, x > 0

5. z = y2 sin
xy

2
cos(xy)

D : x = 0, y =
π

2
, y = π, y =

x

2

6. z = 4y2 sin(2xy) sin x

D : x = 0, y =
√

2π, y = x2

7. z =
4

5
y2 sin x +

9

11
x3 sin2 2y

D : x = 1, y = x3, y = −√x

8. z = 4y2x + 176x3 cos3 3y

D : x = 1, y = −x3, y = 3
√

x, x > 0
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9. z = y2e−
xy
4 x3

D : x = 0, y = 2x, y = x2

10. z = 54x2 cos(xy) + 150y4 sin3 2x

D : x = 1, y = −x3, y = −√x

11. z = 3y2x2 +
50

3
x3 cos3 3y

D : x = 1, y = −x3, y = 3
√

x

12. z = xy cos(xy)− 9x5 sin y

D : x = 1, y = −x2, y = 3
√

x, x > 0

13. z = 9y2x2 + 25x4 cos2 5y

D : x = 1, y = −x2, y =
√

x

14. z = 24x2y − 48x3 sin3 6y

D : x = 1, y = x2, y = −√x

15. z = 6y2 sin x + 24x3y3 cos3 y

D : x = 1, y = −x2, y =
√

x

16. z = 4yx cos(xy) + 16x3 sin3 y

D : x = 1, y = x3, y = − 3
√

x

17. z = y2e−
x2y
8

D : x = 0, y = 4x, y = x2
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18. z = y2 cos
xy2

2

D : x = 0, y = 2x2, y = 2x

19. z = 3y2 cos x− 9x5 sin5 y

D : x = 1, y = −x2, y = 3
√

x, x > 0

20. z = 3y2 sin
x2y2

2

D : x = 0, y =
3

2
x2, y = x

21. z = 4y2x3 + 3x3 cos2 2y

D : x = 1, y = x2, y = −√x

22. z = 8y3 cos x + 18x2 sin2 5y

D : x = 1, y = −x2, y = 3
√

x, x > 0

23. z =
4

5
y2x + 9x2 cos2 2y

D : x = 1, y = −x3, y =
√

x

24. z = y cos (x2y)

D : x = 1, x =
1

2
, y = πx, y = 3πx

25. z = 6y2e
xy
3

D : x = 3, x = 6, y = (ln 2)x, y = (ln 3)x

26. z = 12 cos(y2)x + 27x2 sin2 y

D : x = 1, y = x2, y = − 3
√

x, x > 0
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3. Âû÷èñëèòü
∫∫
V

∫
w(x, y, z) dxdydz.

Îáëàñòü èíòåãðèðîâàíèÿ V îãðàíè÷åíà ïëîñêîñòÿìè:

V : x = x1, x = x2, y = y1, y = y2, z = z1, z = z2.

1. w = cos2 xy − z sin x + z2

V : x = −1, x = 1, y = 0, y = 1, z = −2, z = −1

2. w = z3xy + arctg z − cos xy sin z

V : x = −3, x = −2, y = 0, y = 2, z = 1, z = 2

3. w = x2y2z2 cos(xyz) + sin(xy)

V : x = −1, x = 0, y = 0, y = 2, z = 1, z = 2

4. w = arctg(xyz)− x2y2z

V : x = 0, x = 1, y = −2, y = −1, z = −2, z = −1

5. w = z − cos xy sin yz

V : x = −1, x = 1, y = 4, y = 5, z = 0, z = 1

6. w = arctg(xyz) + cos(x2z) sin(yz)

V : x = −1, x = 1, y = 0, y = 1, z = −2, z = −1

7. w = − sin x cos y sin z

V : x = −2, x = −1, y = 0, y = 1, z = 2, z = 3

8. w = z2y + cos2(xyz)

V : x = −1, x = 1, y = −3, y = −2, z = −2, z = −1
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9. w = xyz cos x− sin(yz)

V : x = −1, x = 0, y = −2, y = −1, z = −2, z = 0

10. w = arctg(x2yz) + x2 cos(yz)

V : x = −2, x = −1, y = 4, y = 5, z = −3, z = −2

11. w = − cos(x2z) + sin(2zx3y)

V : x = −1, x = 1, y = 0, y = 1, z = −2, z = −1

12. w = sin(xyz) + x3z

V : x = 3, x = 4, y = −2, y = −1, z = −2, z = −1

13. w = cos(x2z) sin(yx) + e−xyz

V : x = −2, x = −1, y = 0, y = 1, z = −2, z = −1

14. w = zxy − cos(y2z) sin 5x

V : x = 0, x = 1, y = −1, y = 0, z = −2, z = −1

15. w = z3x + cos2(y5zx)

V : x = −1, x = 1, y = 0, y = 1, z = −2, z = −1

16. w = arcctg(x2y2z2) + cos z sin(yx)

V : x = 2, x = 3, y = 4, y = 5, z = 6, z = 7

17. w = cos(yx) sin2(yz)

V : x = −1, x = 1, y = 4, y = 5, z = −2, z = −1
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18. w = z3x2y − sin(xy) + z2

V : x = −3, x = −2, y = 0, y = 1, z = −1, z = 0

19. w = xyz sin5(2xz)− sin(xyz)

V : x = −1, x = 0, y = 2, y = 3, z = 1, z = 2

20. w = cos2(xz) sin(zy) + x2

V : x = −1, x = 0, y = 0, y = 1, z = −1, z = 0

21. w = x sin(xyz2) + y3

V : x = 3, x = 4, y = 0, y = 1, z = −2, z = −1

22. w = −x cos3(xy) sin(z2y)

V : x = 1, x = 2, y = 0, y = 2, z = −1, z = 0

23. w = arctg(x3√yz)− cos
√

x

V : x = −1, x = 1, y = 2, y = 3, z = −2, z = −1

24. w = x2 cos(zy) sin x

V : x = 2, x = 3, y = 0, y = 1, z = 6, z = 7

25. w = arctg(x + y + z)− cos z2

V : x = 1, x = 2, y = −2, y = −1, z = 3, z = 4

26. w = cos7(xyz)− x sin(yz) + y cos(zx)

V : x = 0, x = 1, y = 1, y = 2, z = −1, z = 0
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4. Ïîñòðîèòü ãðàôèê ôóíêöèè è âû÷èñëèòü ïëî-
ùàäü ïîëó÷åííîé ïîâåðõíîñòè.

1. z = sin3 2x− cos2 y +
xy

2
; −1 6 x 6 1 , −1 6 y 6 1

2. z = sin3 x cos3 y + arctg(xy); −1 6 x 6 1 , −1 6 y 6 1

3. z =
x

4
+ cos2 xy; −1 6 x 6 1 , −1 6 y 6 1

4. z = ln(yx) + cos2 2xy; 1 6 x 6 2 , 1 6 y 6 2

5. z = cos 2x + sin xy + ln x2; −3 6 x 6 −1 , 1 6 y 6 3

6. z = x2 + y3 − arctg(xy); −1 6 x 6 1 , −1 6 y 6 1

7. z =
sin2(xy) cos x

x2 − 1
; −4 6 x 6 −2 , 0 6 y 6 1

8. z = arcctg(xy)− ln x2 + cos(xy);

−1 6 x 6 −0.5 , 1 6 y 6 2

9. z = 4x2 + cos(xy)− sin2(y2); −1 6 x 6 1 , −1 6 y 6 1

10. z = ln(x2 + y2) + cos(xy) sin(xy);

−3 6 x 6 −1 , 1 6 y 6 3

11. z = x3y − ln(x4y2) + cos 2x; −3 6 x 6 −1 , 1 6 y 6 5

12. z = sin5(xy) + cos3(3x)− e
√

x; 1 6 x 6 3 , 0 6 y 6 2

13. z =
15y

x
cos x sin y − 6 sin(xy);

−2 6 x 6 −1 , −2 6 y 6 2

14. z =
x2

y3
cos3(xy) +

√
x2 + y2; −1 6 x 6 1 , −4 6 y 6 −2
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15. z =
√

x2y sin3(x2y2)− cos5(x3y3);

−1 6 x 6 1 , 0 6 y 6 1

16. z = cos2(xy) + 2 ln(x2y2)− x3y;

−2 6 x 6 −1 , −2 6 y 6 −1

17. z = 20x3√y − cos6
√

x sin2(xy); 0 6 x 6 2 , 0 6 y 6 2

18. z =
1

3
cos2 y sin(xy) + x2y3 +

√
x2 + y2;

−1 6 x 6 1 , −1 6 y 6 1

19. z = sin 5
√

x3 + y3 + cos( 5
√

xy)xy; 3 6 x 6 4 , 2 6 y 6 4

20. z = ln(x4 + 2y2) + x3 − y3 + cos6(xy);

−3 6 x 6 −1 , 1 6 y 6 2

21. z = sin3(x2y)− x4y2 + ln(x2 + y2);

1 6 x 6 3 , 1 6 y 6 3

22. z = arcctg(xy) + cos x sin y + cos6(xy);

1 6 x 6 2 , 1 6 y 6 3

23. z = xy ln x4 + cos5(xy); 1 6 x 6 3 , −1 6 y 6 1

24. z = e−x cos(xy) cos( 3
√

xy) sin2( 5
√

y);

2 6 x 6 4 , 2 6 y 6 4

25. z = ln(x2 + y2) + cos
3x

2
− x3y sin(xy);

0.5 6 x 6 1 , 0.5 6 y 6 2

26. z = cos2(xy) + 2 ln(x6y2); −4 6 x 6 −2 , −4 6 y 6 −2
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5. Ïîñòðîèòü ãðàôèê ôóíêöèè è âû÷èñëèòü äëè-
íó äóãè ïîëó÷åííîé êðèâîé 1.

1. y = −x2 + 2x, îò âåðøèíû äî òî÷êè ñ àáñöèññîé x = 2

2. y =
x3

6
, x ∈ [0; 6]

3. y = ln x, x ∈ [√
8;
√

15
]

4. y =
1

2
x2 − 4x +

15

12
, îòñå÷åííîé îñüþ OX

5. y =
x2

16
, îòñå÷åííîé ïðÿìîé y = 4

6. y = 9− x2, x ∈ [−3; 0]

7. y = 1− sin t, x = t− sin t, t ∈ [0; π]

8. x = 3t2, y = 3t− t3, t ∈ [0; π]

9. x = cos3 t, y = sin3 t, t ∈
[
0;

π

2

]

10. x = et cos t, y = et sin t, t ∈ [0; 1]

11. r =
√

2 sin ϕ, ϕ ∈ [0; π]

12. r = 3.5(1− cos ϕ), ϕ ∈ [0; π]

13. r =
1

ϕ
, ϕ ∈

[
3

4
;
4

3

]

14. r = 6(1 + sin ϕ), ϕ ∈
[
−π

2
; 0

]

15. r =
√

2eϕ, ϕ ∈
[
0;

π

2

]

1Ïðèìåíèòü ôóíêöèþ int(y, a, b)
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16. y = ln
e

cos x
, x ∈

[
0;

π

6

]

17. y = arcsin e−x, x ∈ [0; 1]

18. y = 1− ln sin x, x ∈
[
0;

π

4

]

19. y = ln cos x, x ∈
[
0;

π

3

]

20. y = 4− x2, x ∈ [−2; 2]

21. y = 2
√

x, x ∈ [0; 1]

22. y =
√

x− 1, îò òî÷êè À(1,0) äî òî÷êè Â(2,1)

23. 2y = x2 − 3, îòñå÷åííîé ïðÿìîé y = 0

24. y = ln sin x, x ∈
[
π

3
;
2π

3

]

25. x = 256 + ln cos y, y ∈
[
0;

π

3

]

26. x = cos5 t, y = sin5 t, t ∈
[
0;

π

2

]
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