Dynxyii 060X 3MIHHUX

3agdannn_1. 3HaiiTh uacTHHHI mNOXigHi 1-Tro 1 2-rO0 mopsaKy GyHKIIl
z="f(xy).

11 z=ey-x'y+y* +3y—x—4.

1.2. z=4xcosy—3xy+2y* +y—7x+1.

13. z=Xy—x’y+2C0Sy+3x+y+4.

1.4, 2=5x3-3xy+y* +2tgy —4x—1.

15 z2=3"+2X°y* —y* +x -2y +x-7.

1.6. z=2ysinx—x’y* +4y* +y-3x-5.

1.7. z=3xe’ +X*y+2C0Sy+X—y+3.

1.8. z=2xcosy+3x°y* —y® +x—4.

1.9. z=x’y+y’cosx+2y>—5y+7.

1.10. z=5e"y® —2xy® +5y —4x+1.

1.11. z=4x*-2xy’ +Iny+3x+5.

1.12. z=3Inx-x’y* +2y +5x—4.

1.13. z=2X"y—y* +5y—7x+2.

1.14. z=xy* -3x* +2y* + x4y +5.

1.15. z=2x"-3x*y* +y* +5y —x-3.

1.16. z=x"-3x’y* +4x+2y-3.

117. z=x"-2xy* +Iny+3y —x+1.

1.18. z=3e"y’ +x* —y* +2e’ -4,



1.19. z=4x° -x'y+Iny—e* +3.
1.20. z =5x*-2x’y* +4x-3Iny.
1.21. z=Xy+2Inx+7Iny+3x+y.

1.22. 2=4x-6xy° +2y° +7y-2.
1.23. 2 =2x"y -3x+4y* LY
y

1.24. 2=3x"+y> —xy+x+V.
1.25. z=4x-3x’y+2y* +5Inx—6.
1.26. z=€*—x’y* +4y* +3y—x-1.

1.27. 7 =5x%y* -3x+y’ +%—3.

1.28. z=xy* - X’y +2siny—x+3.

1.29. z=4x"—xy’+3Iny—e* +2.

1.30. z:2x2y—lnx+3y2+i.
X

3asdanna 2. 3uaiitn qudpepenmnian pyukiii z = f (X, y).

_3x+2y

2.1. z=cos(x’-3y). 2.2. 2 2y

2

23. 7=\x" +2y° . 2.4, z:xInXV.

25. 2 :M. 26, 7=l
X+Yy

2.7. 2=In(x" +xy+y*). 2.8 7=,



y 3
2.9. z=arctg—. 2.10. z=xIn(xy).

2.11. z:4e&+\/y. 2.12. z=sin(5x" +y).
2 2
2.13. z:ln(x3+y3). 214, 7= X3
X+Y
215 z= Y 2.16. Z=COS\(X+YVY .
X+y+1
217. 2=tg(xy*). 218 7=24Y
X—-3y
2 2
219, 7= TV Y, 220, 2=y Y.
X
2.21. z=arcsin(x+3y). 222 7=\ +xy+Yy?.
2.23. z=arccosl. 2.24. 7=—; y 5
X y—9x
2.25. 7=[3x +2y* . 2.26. 2=y
y
y 2 2
2.27. 1=¢". 228 2=V
X=y

2.29. 7=1[2xy+y? . 2.30. z=In(x*-2y’).

3aedanna 3. 3HaiiTi yacTHHHI TOXiAHI 1-ro mopsmky yHkmii z = f (X, y),
3a7]aHOI HESIBHO.
3.1 x*-2y*+32°-yz+y=0.

3.2. e*y—xyz+y’—4xz* =0.



3.3.

3.4.

3.5.

3.6.

3.7.

3.8.

3.9.

3.10.

3.11

3.12.

3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

3.19.
3.20.

3.21.

3.22.

3.23.

2x’y —Inx+3y*z+2xe’ —4=0.
3ye* +22°y’ —y? +x2-2x-7=0.
5x* —3xy + 2%+ 2tgy —4xyz —1=0.
X’y —z%y+2xcosy+3x+z-3=0.
3e*y® —2xy’z+5y-47° +1=0.
xysinz—x’y+4xz® +y-3z=0.
x* -3x°yz+4Inx+2yz* -3=0.
e’y —x'y+z°+4y—-x-3=0.

. 5x’y—2x%z* +4xy*z-3Inz=0.
2x3cosy+3x°z' —y* +1tgz-4=0.
e’y +x°—xy*+2Inz-1=0.
x*—2xy® +xInz+3y—-2z+1=0.
3e* +2x°y* —2° +3x-2z+4=0.
4x* -3x*yz+22° +5INx-6=0.

4x°y—y*z+Inx—e’ +3=0.
5x?y —3xz° +2y° +Zo0.
y

x*—3x°y+2y* +Inz-4xz+5=0.
xe’ —x’y? +4z° +3xy - x-1=0.

X’y +2xIny+7Inz+3x+e” =0.
5x’y? —3xz° +y2+2—§—3=0.
y

x*cosz—-3xy+2y* +z-4x+1=0.



3.24. 5x° - 2x*yz+Inz+3x-4=0.

3.25. 3x" +y’z—xy* +sinz+y=0.

3.26. 5Inx—x*z* +2cosy+3z-1=0.

3.27. 2xe’ +z°y+2c0sz+x+3y =0.

3.28. 4x°y—6yz° +3y* +7c0sz-2=0.
3.29. 4x°z—-xy*+3Inz—-e’ +2=0.

3.30. xy*z—x*y+2sinz—y+3=0.

0z

. . ..o .
3agoanns 4. 3HaiiTi YaCTUHHI MTOX11HI a i vl
u v

41 z=x%Iny, ne x=%, y=3u-2v.
4.2, z=tgx—2Xxcosy, ne X =vsinu, y=3v—2uv.

4.3 z=xy2+§,ne X =Vviu-—4v, y=%.

44, z=¢e'y+Inx,ge x=uv, y=u’-3v.

45 z=xy-2cosy, e x=ulnv, y=4u’v.

2
4.6. z=cosx—2y°, ne x="9 y=3usinv.
v

47. z=yInx—4x,1e x=2v>—4u, y=u—-3v°.
48 z=tgx—-2Iny, ne x=2uv, y=4u—-5/".
49 z=2xIny, ne x=vcosu, y=3u—sinv.
4.10. z=x*y+2y, me x=5u%, y=uv’,

4.11. z=x*siny, ne x=3uv, y=u®-2v.



4.12.

4.13.
4.14.
4.15.

4.16.

4.17.

4.18.

4.19.

4.20.

4.21.

4.22.

4.23.

4.24.

4.25.

4.26.

4.27.

4.28.

4.29.

4.30.

3u
z=cosy-3x’,me x=2u-Vv, y=—.
v

z=xy*+Inx, ne x=v+3u?, y=5uv.
4 H 2 3
z=X"-3siny,ne x=u—-4v°, y=v-u’.

z=arcsinx+3Iny, ne x=5uv, y=u+v.
v
z=yInx—x,me x=4v-u, y=—.
2u

z =arctgy —3x°, ne x=2uv, y=u’-3v.
z=x'y—cosx, e x=u—>5v, y=3uv’.
z=xy+x’y’, ne x=5u+2v, y=vsinu.
z=Inx-2xsiny, ze Xx=uv, y=v>-2u.
z=xy’—tgy, e X=v-uU, y=—2uv.
z=ctgx+2e’, 0e x=2u+v, y=u".
z=x"-2xIny, ne x=ucosv, y=v-3u.
z=e"-2xy’, me x=ve", y=2u+V.
z=3e’+xy, ne x=v-sinu, y=3ve".
z=2xcosy, e X=5u—-v, y=uv’.
z=In(xy), ne x=ue", y=3v-u.
z=x"-2cosy, ne x=sinu—2v, y=ve".

z=xy*-Iny, ne x=vinu, y=v-2u.

2

4.3 3X ) sinv
=Xy +—,me X=V° +U, y=—m0.
y



3asdanna 5. 3naiitn moxinny dymxuii z=f(x,y) y touni B(x;y,) B
HanpsMi Bix i€l Touku 10 Touku P (X, Y, ).
51 z=x"'-3x"y*+2xy+1, B(L -1), R(5 2).
5.2. 2=3x*-2xy’+y-3, B(2-2), B, (6;1).
53. z=2x"-3x’y+2x—-y+1, B(2;3), B,(-26).
54. z=3x"-4xy’ +3y-5, B(% 3), R,(-30).
55. z=4x’y-y*+2x+4, B(0;1), R,(3 -3).
5.6. z=x"+2x*y*-3x+1, B (L 1), P, (5 -2).
57.2=2x-3xy*+2x-y, B(21), B(-2 -2).
58. z=xy* -3y’ -2x+y+4, B(L2), R,(5 -1).
59. z=x*+2x*y+x-3y+1, B(-1 1), B(2 -3).
5.10. z=4x*-3xy* +2x+5y+1, B, (1 1), P,(4; -3).
511 z=e€"-3x*y*+2xy-3, B(0; 2), R,(4 -1).
5.12. z=cosx-2x*y+y* -3, B(0; -1), R,(4 2).
513. z=x"+2xy* -y’ +1, B (L 1), P,(5; -2).
5.14. z=3x*+4xy* +2y-1, B,(2,0), R,(5 —4).
515. z=x"-x’y+2xy* -3, B (L -1), R,(5 2).
5.16. z=x’+xcosy-y’-2, B(% 0), B,(-33).
517. z=2x°-4x’y+3x-y+1, B(L 1), R(4 -3).
5.18. z=x"—4xy+2y*-3, B(%3), B,(-30).

519. z=3x*y-y*+2x+3, B(L -1), R(5 2).



5.20. z=x"-2xy*+e’ -3, B (2 0), B, (-L4).
5.21. z=xy’ -2x°y+4x-3, B (2 -3), R,(5;1).
5.22. z=2x*-3y’+4x-5, B (L 2), R, (5; -1).

5.23. z=x-2x*y*+4y-x, B(% 3), B,(-3,0).
5.24. 7=3x*-2x*y+3y-4, B(2 -2), P,(6;1).
5.25. z=4e* +2xy’ -xIny+5, B(0;1), B, (-3 5).
5.26. z=x"+3x*y-2y* -1, B, (1 1), P,(-25).

5.27. z=7x*-2xy’+y-3x, B (L -2), B(-31).
)

(
5.28. z=x’—2xsiny+5y—4, B,(2 0), P,(6; -3).
5.29. z=3cosx—4xy’ +2y-1, B(0; -2), B, (4;1).

5.30. z=3x*y-xy*+5y-3x, B (-1 -2), R,(2 2).

3asdannsa 6. 3uaiitu rpagient opyukii z = f (X, y) y TOYIII P(X; y) .

2 2

e+l Xy
61220 P(13). 62 2= 7 PELY).
Xy +X+Y _XP+y L
6.3. z= Ty ; P(L-2). 6.4. 7= iy P(2-1).
2 2
65 2=2Y p(32). 6.6. 2= p(12).
X—y X—y
X% + Xy _ X% +y? _
6.7. 2= L P(23). 6.8. 2=>— Y P(L-3).
X-Yy X+y
6.9. 2= X129 p1.5). 6.10. z=—2—, P(L; -1).

3x-2y ' X+2y



6.11.

7=

6.13. z=

6.15.

6.17.

6.19.

6.21.

=

7=

=

=

6.23. 2=

6.25.

6.27.

6.29. z

=

XY+y
xt—y’

-2y
2x+3y

X—y
1+xy’

2—Xxy
X+2y '

X+y°
Xy’

xy?
2

xX-y'

2X% +3xy P
3x-2y

3

3xX-y

X +y

Xy +y°
X2 = xy

X—5y
4x+3y

, P(2-2)

. P(2-2).

P(2 -1).

P 3).

P(L-2).

P(34).

P(1 3).

. P(2-1).

, P(2-2).

(23).

6.12.

6.14.

6.16.

6.18.

6.20.

6.22.

6.24.

6.26.

6.28.

6.30.

Xy o
X2 +2y° Pt -1)
X+2y

P .
2X+Yy ( LS)
2 2
X2 +y P(L-1)
X_
Xy-xy* o .
X+Yy  P(L-)
X2 +y? _
X+y2,P(Z 1)
YV b o)
X2—y '
3X+y .
X2 +4y’ Pt -2)
2X+y

, P(2; -1
x> +3y ( )
4x—y? _
sy TR
X+Yy L
Y b -3)

3asdanna 7. Nocninutu Gpynkitito Z = f(X,y) Ha ekcTpeMymu.

7.1 z=yJfx -2y’ —x+14y.

7.2. 2=x>+8y’ —6xy+5.

7.3. 2=1+15x-2x* —xy —2y*>.



7.4.

7.5.

7.6.

7.7.

7.8.

7.9.

7.10.

7.11.

7.12.

7.13.

7.14.

7.15.

7.16.

7.17.

7.18.

7.19.

7.20.

7.21.

7.22.

7.23.

7.24.

7.25.

z=14+6x—x>—xy—y>.
7=X +Yy? —6xy—39x+18y+20.
2=2x+2y* —6xy+5.
z=3x"+3y°* —9xy +10 .
Z=X"+xXy+y +X—-y+1.
2=4(x-y)-x*-y>.
7=6(x—y)-3x*-3y>.
Z=X"+xy+Yy>*—6x-9y.
z=(x-2)"+2y*-10.
z=(x-5)7+y*+1.
z=x>+y>—3xy.
7=2xy—-2x*—4y*,
Z=XJy—-x*—y+6x+3.
7=2xy-5x* -3y’ +2.
z2=xy(12—-x-vy).
Z=xy—-Xx"—y*+9.
z=2xy-3x*-2y*+10.
z=x>+8y° —6xy+1.
z2=yJx-y?—Xx+6Yy.
2=x*—xy+y’+9x—6y+20.
z=xy(6-x-Y).

Z=X+y —Xy+X+Yy.

10



7.26. z=X"+Xy+y* —2X-Yy.
7.27. z=(x-1%*+2y*.

7.28. z=xy—3x*-2y’.

7.29. z=x"+3(y+2)°.

7.30. z=2(x+y)-x"—y°.

3a60annsa 8. 3Haiitu HalOLIbIIE Ta HAalMEHINE 3HAYEHHS

z=f (x, y) B obnacti D, mo oOMexeHa 3aaHUMU JiHIAMU.
8.1 z=3x+y—xy, D:y=x y=4, x=0.
82. z=xy—x-2y, D:x=3, y=% y=0.
8.3. z=x*+2xy—4x+8y, D:x=0, x=1, y=0, y=2.
8.4. z=5x"-3xy+y? D:x=0, x=1, y=0, y=1.
8.5 z=x*+2xy—y*—-4x, D:x-y+1=0, x=3, y=0.
8.6. z=x*+y’—2x-2y+8, D:x=0, y=0, x+y-1=0.
8.7. z=2x-xy*+y? D:x=0, x=1, y=0, y=6.
8.8. z=3x+6y—-x*—xy—y? D:x=0, x=1 y=0, y=1.
8.9. z=x*-2y*+4xy-6x-1, D:x=0, y=0, x+y—-3=0.
8.10. z=x*+2xy-10, D:y=0, y=x*-4.
8.11. z=xy-2x-y, D:x=0, x=3, y=0, y=4.

8.12. z:%xz—xy, D:y=8, y=2x*.
8.13. z=3x*+3y*-2x-2y+2, D:x=0, y=0, x+y-1=0.

8.14. z=2x*+3y° +1, D:y=§\/4—xz, y=0.

¢GyHKIii

11



8.15. z=x*-2xy—y*+4x+1, D:x=-3, y=0, x+y+1=0.

8.16. z=3x*+3y*—x-y+1, D:x=5 y=0, x-y-1=0.

8.17. z:2x2+2xy—%y2—4x, D:y=2x, y=2, x=0.

8.18. z:x2—2xy+gy2—2x, D:x=0, x=2, y=0, y=2.
8.19. z=xy—-3x-2y, D:x=0, x=4, y=0, y=4.

8.20. z=x*+xy—-2, D:y=4x*-4, y=0.

8.21. z=x’y(4—-x-y), D:x=0, y=0, y=6-x.

822 z=x’+y*-3xy, D:x=0, x=2, y=-1, y=2.
8.23. z=4(x—y)-x*—y?, D:x+2y=4, x-2y=4.

8.24. z=x*+2xy—y*—4x, D:x=3, y=0, y=x+1.
8.25. z=6xy—9x* -9y* +4x+4y, D:x=0, x=1, y=0, y=2.
8.26. z=Xx"+2xy—y*—2x+2y, D:y=x+2, y=0, x=2.
827. 2=4-2x2—y?, D:y=0, y=+1-x* .

8.28. z=5x"-3xy+y*+4, D:x=-1, x=1 y=-1 y=1.
8.29. z=x*+2xy+4x—y*, D:x+y+2=0, x=0, y=0.

8.30. z=2x"y—x’y—-x’y?*, D:x=0, y=0, x+y=6.

3asdanna 9. 3uaiitn ekctpemymu ¢yukmii z = f (X, y) 3a yMOBH, IO 3MiHHI
X iy 3anoBonbHsIOTH piBHsHHS @(X,Y)=0.
9.1. z=x>+4xy® +5y* —48x+1 3a ymoBn X—3y+2=0.

9.2. z=4y* +3x*y —2x* —-108x -3 3a ymoBu 3y—x—4=0.

12



9.3.

9.4.

9.5.

9.6.

9.7.

9.8.

7 =5x*+7xy* =3y’ —15x—4 3a ymoBu 2X+4y+1=0.

z2=6y%+10x’y +2x* -2y +9 3a ymoBu 3Xx—y+5=0.
2=7x+6xy° +y* —%X+1 3a ymoBH 4Xx—3y+1=0.

z2=5y° +7x*y—3x* —15y +2 3a ymoBu 2y —2x—3=0.

7 =6x>+10xy* +2y° —2Xx+7 3a ymoBu X+2y—2=0.

7=3y° +gx2y—2X2 —25y+3 3a ymoBu y—3x—1=0.

9.9. z=2x%+5xy* +8y* —24x—10 3a ymoBu 2y —3x+2=0.

9.10.

9.11.

9.12.

9.13.

9.14.

9.15.

9.16.

9.17.

9.18.

9.19.

9.20.

9.21.

9.22.

z2=2y® +5x’y+8x° —24y +8 3a ymoBu 4x+2y—3=0.
z=4x>+3xy* —2y* -108x -6 3a ymoBu 2y—4x+3=0.
2=y’ +4x°y+5x* -48y+7 3a ymoBu X+2y—1=0.

7 =3x°—4y* +2xy* —49x +4 3a ymoBu 2y—6x—3=0.

2=7y*+6X°y +x° —%y+4 3a ymoBH 3X+2y+3=0.

7=3x° Jrgxy2 —2y®—25x-5 3a ymoBu 2x—4y—3=0.

z2=8y’+2y® +5x’y—24y -3 3a ymoBu X+4y—4=0.
z=x"+y’ —6xy—39x+18y +20 3a ymoBu X—3y+2=0.
z2=3x>+3y° -9xy +10 3a ymoBu 3x+2y—-4=0.
z=x*+8y’ -6xy+5 3a ymoBu 2x—3y—3=0.

2=y’ +x°—6xy—39y+18x+5 3a ymoBu Xx—2y+4=0.
2=2x>+2y®—6xy+5 3a ymoBu X+2y—3=0.

z=x’+4xy* +5y° —48x+1 3a ymosu Xx—3y+2=0.

13



9.23. z=x*+8y®—6xy+3 3a ymoBu 2y—2x+3=0.

9.24. z = x*+4xy’ +5y* —48x+1 3a ymoBu X—3y+2=0.

9.25. z =3x>+2xy* —49x+4 3a ymoBu 2y—6x—3=0.

9.26. z = x®+4xy’ +5y* —48x+1 3a ymoBu X—3y+2=0.

9.27. z=x*+6y° —4x+5 3a ymou 4x—3y+5=0.

9.28. z=x"+Yy® +5y* +48x+2 3a ymoBu 2x—4y+3=0.

9.29. z=x°+3xy’ +4y’ —5x+2 3a ymoBu 3x—4y+1=0.

9.30. z=x%+2xy* +y’ —6x+7 3a ymoBu 5x+y—-3=0.

Heeuznauenuit inmezpan

3agdannsn 10. 3HaiiTi iHTErpall.

10.1. J(?»X +COSX— Zgjdx.
X —

10.3.j 2 x+3x—smxjdx.

+ 2) dx .
cos? x

v
105. | (SX
10.7. j( X — ctgx+3)

10.9. j(5x4—3e +— jdx

10.11. j[5x 3ctgX + — )dx.

. 3
10.13, j[x —Sinzx—sldx.

10.2. [(4x*-5e* +1)dx.

10.4. [ \/93_X+4tgx 9}
10.6. | (2 X3 — )dx
10.8. I(3x2— +4de

10.10. J'(cosx— 7116

2
10.12. || 4 ———=+1 |dx.
fle- &)
3/\,2 5
10.14. I@dx

+xjdx.

14



10.15. j 2% —

—

|
10.17. j(?“ X —3e* + = J
(

10.19. I 7x6+ +2jdx

10.21. j(%/x_z—x—23+4jdx.
Px-2x*+4
IT

10.23. dx.

10.25. | (E‘/x_s -

10.27. j[stgx—%wjdx.
X

3 7
10.29.[(5”2 v )dx.

3agdanns 11. 3HaiiTi iHTErpall.

11.1. j\/3+ X dx .

11.3. j3 1+ x)? dx .

115 J.sm2(3x+7)

11.7. j(5—4x)7 dx .

11.9. jsin(5+3x) dx.

4 +7jdx.

is+25in dex .
X

10.16. j (4x5 +
CcOoS

10.18. j (3x* —5tgx+2) dx .

10.20. j 5x* +4smx——jdx

10.22. j 2% + —5|dx.
COS X

3x—

—1jdx.

10.28. j 43 —cosx+—jdx

(
|
024 [[3% x__+zjdx.
= o
(

1030. | (3ctgx—53/x_2 +2*))dx.

11.2. [sin(3x-2)dx.

dx
L4 J.cosz(4x—3) '

11.6. j e dx

11.8. j tg(2+3x) dx .

11.10. j 32 +5xdx.

6
ZX—Sde.

15



3 dx
11.11. 1112, [—
J‘\/5—4x o Isin2(2x—5)
11.13. [ctg(4x-3)dx. 11.14. IL
33— 4x)?
dX 2x-5
11.15, . 11.16. [37°°dx.
J-(5x+6)2 j
11.17. dex. 11.18. | :
cos” (4x+7) «/9+4x
11.19. [sin(7x~5)dx. 1120, | i
(3x-5)
11.21. IL 11.22. [ctg(5-3x)dx.
(2+x)°
11.23. [ dx. 11.24. j £(6-5x%)7 dx.
1125 [ 2% 11.26. [sin(4x-+3)dx.
9 -4x?
11.27. [\3-4xdx. 11.28. jL
sin?(2x-5)
11.29. [ctg(7x+4)dx. 11.30. [ >~ de

3agdannsn_12. 3HaiiT iHTErpan, BUKOPHUCTOBYIOYM BIJIOBIJHY 3aMiHY

3MIHHOI.
21 [ ox . 122jtgx dx.
(3x+2)In“(3x+2)
dx dx
123, | —————. 124, | ——F————.
I 1—x? arcsin®x J‘(l—x)\/Ing(l—x)
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125, j—dx.
ctg*x sin®x

5

12.7. _[—dx.

(1+x*)farctg x

12.9. j

dx
\J1—- x? arccos X '
12.11. jcosx e dx .

12.13. J‘;dx.

sin“x/ctgx

12.15. | Vizcitfx dx

In*(3x +1)

12.17. j —

tgx

12.21, jcgszxdx

12.23. j

In®(x— 5)
-5

dx

12.25. J‘()(Z-‘r]-)TtgAX .

2

12.27. j;—zdx.
X

126, Iarctg X

2.8 J‘L
I (x+D I’ (x+1)

3arcsin x dx
J1-x?

3 2
12.12. j —\/In(x1+1)dx
X+
sin xdx
4foosx
xdx
JX2+2)

3dx
cos’x §/tg*x

12.10. j

12.14. j

12.16. j

12.18. j

4

12.20. j T dx.

(1+x*)3farctg x
12.22. J'cos X «/sin® x dx .

cos(In x)

12.24. j dx .

12.26. | 3—de

5x? dx

-4

12.28. j

17



arcsin® X

G

12.29. j 12.30. j5x tg(1+x* ) dx.

3agdanna 13. 3HaiiTy iHTErpal 3a GopMyIIO0 IHTErpyBaHHS YaCTUHAMHU.

13.1. [(2x—7)cosxdx. 13.2. [ (3x—4)e* dx.
13.3. j( 5)In xdx. 13.4. jSarcsin xdx .
13.5. j(4x+3 )sinxdx . 13.6. jx3 Inxdx .

13.7. I(ZX 9)3* dx. 13.8. jxarctg xdx.
13.9. [4x*Inxdx., 13.10. [(3x+5)sin xdx.
13.11. j x?e* dx . 13.12. jarcctgxdx.
13.13. j(x—3)|ogzxdx. 13.14. j(3x+4)oosxdx.
13.15. [(6x+2)e*dx. 13.16. [3x*Inxdx.
13.17. Iarccosxdx. 13.18. j(Sx—Z)S* dx.
13.19. j(5x+4)cosxdx. 13.20. j?xln xdx .
13.21. [(2x+3)log,xdx. 13.22. [(3x—5)sin xdx.
13.23. j(Sx—4)ex dx. 13.24. j4xarctg xdx .
13.25. jxcos(x+6)dx. 13.26. j(3x2 —4)In xdx .
13.27. [In(2x-1)dx. 13.28. [(2x+3)sinxdx.
13.29. j(5x—4)3* dx. 13.30. ijarcctgxdx.
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3agdannn 14. 3HaiiTi iHTETpall.

3X+2
14.1. | ——0dXx.
IJ4+2X—%
14.3. If)(—_l X
3X°—2X+6
3x+4
145, | ——dx.
IJXZ+6x+13
14.7. J'ﬂ X
2x* —6x-8
149 [ 22 .
3X°—5x+2
2x+1
2x-1
14.15 J‘X—dx
T o2+ 2x+5°

14.17. jx—_3dx .

N2x% —4x -1

I 2X+6

——dx.
3X“+x+4

14.19

dx .

14.21. J' 2x-10

N1+x-x2

I X+5

Z—dX.
X +X-2

14.23.

14.2.

14.4.

14.6.

14.8.

14.10

14.12

14.14.

14.16.

14.18

14.20.

14.22

14.24.

J‘ 2x-5

——dx.
33X +x+1

X—4
—dX.
J‘\/2x2—x+7
J‘ X+4 X
4% —7x+1

J‘ 2x-1 dx
J3X2 —x+5
2Xx—8
S
N1-x+x2
J‘ X+1
S I3x2-2x-3

I 5x+1

Z—dX.
X —4x+1

J~ 2x-13

——dx.
3x* -3x-16

3x—2
'15x2—3x+2
J‘ 2X+5

J4x? +8x+9

J‘ 3x—-7
I 4x® —ax+5

dx .

J‘ 3x-1 dx .

\J2x2 —5x+1

19



5x+2

Jx +3X—

3x+8
2— X
4x° +6x—-13

14.25. j

14.27. j

5x-3

\/2x +4x—

14.29. j

3asoanns 15. 3HaiiTi iHTETpaIL.

15 J» 3x% +20x+9
(X* +4x+3)(x+5)

153 j 8xdx
T (P +6x+5)(x+3)

15 j 37x—-85
(X* +2x—-3)(x—4)

2
15.7 J‘ 3x°-15 X
(x=1)(x* +5x +6)
6x dx
159 [ o —a
1 J» 2x% +41x-91
T (P +2x=3)(x-4)
X4
1513, | —————
I 1)(X+2)
. I 2x* +12x -6
T (X +1)(X* +8x+15)
15.17. J‘ =-17x+2

(x- 1)(x +5x+6)

x dx

14.26. jm .

4x+1

JZ+X x?

14.28. j

3x+5

14.30. jm X

15.2. j 43x—67
T =D - x— 12)

4-[ 6x> +6x—6
I (X+D)(XP+x-2)

3x*+3x—-24

15.6. [-———— = —dx
(xX* =x=2)(x=3)

15.8.'|‘ X —129x+6
(X=D(x" +5x+6)
2

15'10"[ ?x +32Xx+52

(x* +6x+5)(x+3)

2

15.12. | Ox dx

(X=D(x" +3x+2)

2x* —26

15.14. j

—17x

(< 1 ax+3)(x+5)

15.16. J.(x 2)(x* —2x-3)

4x?

15.18. j(

5 dx
X =2x+1)(x+1)

20



2x* —2x-1 2x* —5x+1

15.19. dex. 15.20. jmdx.
2 3
15.21. jde. 15.22. jx—_3dx
X(x+1)? (x=1)(x* -1)
2
15.23. | X Z3XH2 15.24. _ Axdx
X2 +2x% + X (x* —1)(x+1)
2 2
15.25. [ %dx. 15.26. | %
X" —=~2ZX" +X +
2
15.27. dex. 15.28. jwdx
X2 —x?—x+1 (X* =x)(x-1)
X2+ X+2 2x% +1
15.29. dex. 15.30. jmdx.
3agdannsn 16. 3HaiiTi iHTErpall.
16.1. J'L 16.2. Iﬂ
2+\/x+3
X dx \/; dx
16.3. jm. 16.4. I1+4/§ .
dx dx
16.5. . 16.6. .
jxm I%/(2x+l)2 —2x+1
16.7. J'ﬂ j
% x(1+J_ X)
6
169, [ =X xH3dx 16.10. jL
Yx+3+x+3 2++x-8
\/; dx X dx
16.11. j 16.12. j— .
ET 5/x+1

21



X+ /X + Y52
———dx
x(L+¥/x)

dx
a+x)Ax

(+/x-1) dx
Rx+03x

J' \/_dX
DTN,

J-\/_dX

16.13. j
16.15. j

16.17. j

16.19.

16.21.

j x dx
;°‘/(x+1)2
x3dx

Jx+6'

(x+1) dx

XaIx—1

16.23.

16.25. j

16.27. j

16.29. j

dx
3+Jx—6'

3asoanna 17. 3HaliTH iHTETpAIL.

171 | o

3+5sinX+3cosX

J' dx
" J3sinx—cosx

175. | o

3+6siNnX—2C0SX

16.14. j

J2x+1

16.16 X +3dx
T J.1+\3/x+3 '

16.18. j

\/§+«/_

3 2 6
16.20. [ —Vg(x+1)+ XL
X+

+x+1

x+ 34X + 9%
- dx
x(L+3x)

16.22. j

16.24.
16.26. j‘&*‘/_
x+1
X3
16.28. dx
'[\/x+2
16.30. [-— = Lovx+l g
1+ 3¥x+1)Jx+1
17.2. Id—x
5c0s x+10sin x

174. | o
") 2sinx+3cosx+3°

176. | o
I 344sinx+2cosx

J2X+1+32x+1 dx

I(% G CLER

22



7 J' dx
" J3cosx—4sinx

179. | o

4+3sinx—2cosX

dx

17.11. j

5+4sinx+3c0SX

17.13. | o

7+6sinx—5c0sx

17.15.

8—4sin x+7cosx'

17.17.

5+ 2sin x+3cosx '

17.19.

17.21.

4—4sinx+3cosX

17.23.

5+4sin x+6cosx '

17.25.

7—3sin x+Zcosx'

17.27.
—sin x+3cos X

J
J
J
J
J
J
J s 30ox
Jacosx3smx

17.29.
4cos x+33|n X

4—4sin x+3cosx '

178, | o
5 _4sinx+2cosx

dx
3+2cosx—sinx

dx
3sinx—4cosx

17.10. j
17.12. j

17.14.

17.16.

5— 35|nx+6005x '

2+4sin x+3cosx '

17.18.

17.20.
7sinx—3cos X

7 +4sin x+6cosx '

17.24.

17.26.

17.28.

J
J
J
[ s cox
17.22. |
J
J
J
J

17.30.

2 +4sin x+3cosx '

2sin x+BCosx+3 '

2+33|nx 2cosX

+3COSX 5sinx

3+ Zsm X—5c0sX

23



BusHauennii inTerpaJ

3agdanna 18. O6uncnuty iHTerpan 3a popmynoro HeioTona-JleibOHina.

Ng 0
4dx 3dx
18.1. 182, [ =2
Jl‘x2+5 :[3\/25+5x
N
2 7dx 2 dx
18.3. 184 [—X
7':45"123)( '2[\/5+4X—X2
n
T 8
18.5. I3singdx 18.6. [64/x-+1dx
e 3
g .
18.7. [12ctg3xdx 1838. | jd’;
T —oX
E 0
0 e
18.9. j% 18.10. j(3+gjdx
© 4x -9 1 X
2 5
3dx A
1811 [ 18.12.
'!‘2\/X2+16 '([ 8_)(2
3 :
1813, [ % 18.14, [ 2%
» 3C0S°5X 33— X
6
T 7
18.15. [ (2x+cos§jdx 18.16. [/x+1dx
e 0
3 2
18.17. [(3x—2tgx)dx 18.18. | 1ff’;2
T -2
n

0 3
18.19. j(4+€/x_2) dx 18.20. j[4+%) dx
-1 1



4 2dx £ odx
18.21. iSCOSZX 18.22. !3 —
3
18.23. [(3x—2)d 18.24, [
2O, X - X L4,
J@-2) [
18.25. j(seX—zﬂ)dx 18.26. i(4x+9)3 dx
0 1

18.27. | (4x—3tg2x)dx 18.28. |(4x+3cos5x)dx

Kla ——ola
ot—o|n

2
18.29. j 6dx 18.30. | [3x+i3de
-9 1 X

3agdannsa_19. OOUUCIUTH 1HTETpaj, BUKOPHCTOBYIOYM BIJIOBIIHY 3aMiHy

3MIHHOI.
B NG
19.1. Ix\3/l+ X2 dx . 19.2. J-12x o
0 0
1 2 /2
19.3. I X3 dx . 19.4. j sin x cos? xdx .
o X +2 0
/2 - 1
195 [ . 196 [ 2%
o 1+cos o X" +1
-3 2 3
19.7. j Axox 198. | Xdx
0 25+3X 0 X4+4
e1+Inx toxe
19.9. dx 19.10. dx .
I IXS 1

1 0

25



2 . 5
sin x dx (x—2)dx
19.11. . 19.12. [ 2212
~al—COSX '2[\/5+4X—X2
] 3
19.13. jx3x/4+5x4 dx . 19.14. jsinzxcosxdx.
’ %
2 _1x 12
10.15. [S-dx. 19.16. | xdx_
1 X 0 ].—X2
1 i
10.17. [3xe” dx. 19.18. [ SONX 4y
0 /9 '\/;
1,2 e .
19.10, [ X% 19.20, [N gy
o 1+ X T X
E g V.
1921, [ ————. 19.22. [ x/x% +1dx.
‘:’L‘ x\1-In? x ;/L
1 H
1023, [ 2% 10.24, [L29%¢ g,
o \V4—3x % sin“3x
18
2 7
. d
19.25. jsm xcos® xdx . 19.26. J' XX
T 1 4—X2
B
e 2 0 2
19.27. [ X ox. 19.28, [ 2™
1 X 714X -9
H %
19.29. '[cosxsin3x dx . 19.30. I x2dx2
x > cos”(x*)
6



3agdanna 20. O64nciuTH iHTErpat 3a GOPMYIOI0 IHTErpyBaHHS YaCTHHAMH.

20.1.

ol — |y

2

20.3. [(3x+5)e™ dx.
1

1

2
20.5. [arctg2xdx.
0

7
20.7. [In(x-5)dx.
6

20.9. I(3x + 4)cosgdx.
0

2
20.11. [(2x-5)e™dx.

-1

20.13.

|8 |3

3

20.15. j(5x+2)ln xdx .
1

1
20.17. Iarccos xdx.
0

(x—7)cos2xdx .

(x+3)sin2xdx .

20.2. J.arccosgdx .

2

20.4. |(x—4)cos2xdx .

0|y N

20.6. (x+2)sin§dx )

wly |y

2
20.8. [(4x-9)3" dx.
0

20.10. ij Inxdx .
1

i
20.12. J'Barcthde.

18

20.14. | 4xarctg xdx.

N =N

20.16. [(3x+4)cosxdx .

BN oy

1
20.18. [(2x-3)e" dx.
0

27



20.19.

N | 1 ey

20.21.

W[y =y

4

20.23. jxln(x—l) dx .
2

N
20.25. [ arcctg xdx.
0

2
20.27. {In(2x~1)dx
1

3
20.29. jx 5)2" dx .
0

(6x+7)e™dx.

(3x—2)sin xdx .

4
20.20. j&ln xdx .

20.22. |(2x+5)e* dx.

= C—

20.24. |(x—1)cosxdx .

oy =y

1
20.26. J'In(x+8)dx .
-7

1
20.28. I arccos xdx .
1/2

20.30. [(x—4)sinxdx.

WY —y

3agdannsn_21. OOUMCIUTH HEBIACHUH iHTerpasl ab0 BCTAHOBUTH HOTO

PO36IXHICTS.

x dx
21.1a )J16 441’

400

rcthx
21.2.a
? ‘([n 1+4X

+0 3
213.2) [ o

o J16X° +1

214.2) J‘x +4x+5'

0)

1 p—
I In(3x 1)dx.
1 x-1
3

6)_3[ dx
1 X2 —6x+9

28



215. a) X
(x*+4)

216.a) [ XX
(x*+8)

21.7.a) [ xe™ dx,
0

21.8. a) j

7dx
X2 —4x’

21.9. a) j

‘arctg 2x: 2x
? I 1+ 4x

2111 a

21.12. dx

()

)

wh—\!—'g

21.13. )j xdx
' 4% +4x+5'

21.14.2) | xe” dx,
0

0 2
2115.0) [ S ox,
o X +4

(1+9x* )arctg®3x

——=0X.

% €0s3X
6) j
0 §/(1-sin3x)

i

5 j- 2x dx

0 \/1— X4 '
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2116.a) [ XX
> 3(x°+8)
2117, a) [ 2%
(16+x*)
21.18.a) [ ——,
Y ‘[c(x +1)
3dx
21.19. a) jm

21.20. a) jxsin xdx
0

21.22. a) IL
75 (14X )arctg X

Jl x? arcsmx

x +2x)

21.23. a) j

21.24. a) j

21.25. a) j xe 2 dx,
0

21.26.) [ xcosxdx,
0

@)
~

O ey |
[{e]
>
N
=
O | X
>
+
N

w

{
=)
>
o
B3

@)
~

>
o
3

\
~
w
[{e]
|
>
N

O ey 0 Oy A
()
o
w
]

=)
~
o
3

~
=
|
N
>

>
N

o

3

=)
~

N Sy U1 N | P ey

>
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|
D
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+00 dx
229 | o

0

21.28. a) T
1

dx
\J1-x? arccos x

+00 dX

21.29.2) [ ———,
2 x(Inx-1)
400 dX
21.30. _,
2) J‘xz—?,x+2

3

3asdanna 22. O6uucnuTy oy Girypu, oOMexxeHoi 3aJaHUMH JIiHISIMH.

221 y=x"-2x+4, y=3x-2.

223, y=X"-3X+2, y=x+2.

225 y=x", y=3-x.

22.7. yz%, y=x x=0,x=2.
1+x

229. y=2x°, y=Xx+6

2211 y=4-x* y=x*-2x.

1 NG
2213 y=———, y=—.
y 3+ x° y 4

22.15. y=24/x, y=2x2.

22.17. y* =9x, y=3x.

22.19. x=14/4—y?, x=0, y=0, y=1.22.20.

222, y= [

1

—1,y=0,x=1 x=2
;)

224, y=x"-2, y=3x+2.

226. y=x"+1y=x-1,x=0,x=3.

22.8. y=+/x, y=x.

22.10.

22.12.

22.14.

22.16.

22.18.

y=e", y=x, x=-1 x=1.

IS
1+x%’ 2

y

y=v4-x2,y=0,x=0,x=1.

y=3, y=0, x=1, x=2.
y=6Xx—x*+3, y=x*+3.

y2=4x, x*=4y.

31



22.21. y=3x*-1, y=4x+3.

22.23. y=-2x"+1, y=-2x-3.

22.25. y=x°, y=1, x=0.

22.27. xy=6, x+y—-7=0.

2229. y=x*, y=2-x.

3agdanna 23. O04MCIUTY TIIOILY (BirypH, 0OMEXEHOT 3aJaHUMU JIHISIMU.

23.1. p:E—Sin(p.
2

233. p=2(1-cosg).

23.5. p=2sin3ep.

23.7. p® =3sin2¢.

23.9. p=1+c0s2¢

23.11. p=5sindep.

23.13. p* =1+c0s2¢.

23.15. p=3cos’o.
23.17. p=1+sino.

23.19. p=5sin2p.

23.21. p® =1+C0s2¢

22.22. y=2x-x>,y=0,x=0,x=3.

22.24. y=(x—1)2, y2=x-1.

22.26. y=x+1, y=cosx, y=0.

22.28. x2 =4y, = .
. ¥ X +4

22.30. y=3x+2, y:%x+2.

23.2. p=3c0s2¢p.
, 3

234. p :Ecos3cp.

23.6. p=4+coso.

238. p= %(1+Sin ).

23.10. p= é(l+ oS Q).

23.12. p=2+sinde.

23.14. p=1+cos@.

23.16. p° :gsin4(p.
2
23.18. p=5+§COS4(p

23.20. p= %0053([) .

23.22. p=1+sine.

32



23.23. p=1+%COSZ(p. 23.24. p:%cos4<p.

23.25. p=2-sin5¢@. 23.26. p> =2+sin3p.
. 2
23.27. p=1+cos3ep. 23.28. p =§COS(p.
1 .
23.29. pZZCOS7(p . 23.30. p=4sin3¢p.

3agdannsn 24. O64uciuTH 00°€M TiNla, yTBOPEHOro odepTaHHsM Qirypu @

HABKOJIO BKA3aHOI OCi KOOPIHHAT.
24.1. <D:y2 =4-x, x=0, Oy.

242. @:y=cosx, y=0, x:—%, ng, Ox .

243. @:y* =9x, y=—x, Oy.
) 3
24.4. @ y° =2x, x:§, Ox.

245 ®:y=x% y=0, x=2, Oy.

246. ®:y=2x—x*, y=2-x, Ox.

24.8.

)
)

24.7. (D:y=4x—x2, y=x, Ox.
(D:y2=x, x2=y, Ox .
)

24.9. :y2+x—4:0, x=0, Ox.

24.10. @:y=x% 8x=3% Oy.

24.11. (15Zy2 =4x, x* =4y, Ox.

2412. ®:y=2-x, x*+y° =4, Ox.

24.13. @:y=sinx, y=0, x=0, x=m, Ox.



24.14.

24.15.

24.16.

24.17.

24.18.

24.19.

24.20.

24.21.

24.22.

24.23. @

24.24. @

24.25.

24.26.

24.217.

24.28.

24.29.

24.30.

% 8 & S

iy=¢e", x=0, y=0, x=1, Ox.

2_4

1y =—x, x=3,0x.
773

:y:2x—x2, y=0, Ox.

X3

y=—, x=-2, x=2, Ox.

3

xy=4, y=1 y=2, x=0, Ox.

X2

cy=—-1 y=0, Ox.
Y 4 Yy

X

:y2:x, y=—, Ox.

2

xy=4, 2x+y—-6=0, Ox.

2

Y zgx, x2+y2:1, Ox.

ty=2-x", y=x% Ox.

1y=8-x* y=x° Ox.

T

I
ty=tgx, y=0, x:—z, x:Z, Ox.
ty=x% x=0, y=8,0y.
1y=2", y=4", x=1, Ox.
2y =x", 2x+2y-3=0, Ox.

ty=x—-x",y=0, Ox.

2

:y=2—x?, x+y=2,0y.
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Jugpepenuianvni pienanns

3agdannn 25. Po3p’s3aTn nudepeHianbHe piBHIHHS.

25.1. xy'=1+y?.

X2y +

<

253. y'=

]

4+y?
25.5. (y—xzy)y':4x—5xy2 .
25.7. y'tgx=y.
25.9. e”(2y-1)y'=y.
25.11. (1+e")yy' =e".
25.13. (e* +8)y’ = ye’

25.15. y'ctgx = y*.

25.17. (2x—xy2)dx:(y+ yxz)dy.

25.19. xy'+y=y>.

25.21. xy' =2y =yx*.

25.23. (3+¢")yy' =e".
25.25. y'sinx=ylny.
25.27. yy'=e*(4+y’).

25.29. y'ctgy = x°.

25.2. yy'N1+X* = X1+ Y7 .

254, X+ xy + Y'(y+xy)=0,.

25.6. y' = —
x? +1

25.8. (e2X +5)y’ ye ™.

25.10. (x+4)y' =y*-1.

25.12. Ja—x2y'+xy? +x=0.
25.14. . 2x+2xy? ++2— X2y’ =0

25.16. y'y\N1-x2 =[5+ y? .

25.18. yIny+xy’'=0.

25.20. V1-x2y'+xy? +x=0.

25.22. xy'=y(1+Iny).

25.24. ,f3+ y2 +41-x2yy'=0.

25.26. (1+€")yy' =e".
25.28. J4—x? y' =3x+xy?.

25.30. y'=2\[yInx.
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3agdannn 26. 3HalTH 3araabHUIN PO3B’SI30K AUGEPEHIIaILHOTO PIBHSIHHS.

2
261y =Y 1442,
X X
26.3. y' =2
X-y

2

26.5. y’=%+5¥+8.

26.7. xy’cosl = ycosl—
X X

2

26.9. y'=%+8¥+4.

2611 xy' +2\xy =y.

2
2613 y'=L_13Y.5.
X X

y

26.15. xy'=xe *+y.

2
26.17. y'=L_ 47549,
X X
26.19. xy' = X2 —y* +y.

2
26.21. y'=2Y_ 45541,
X X

26.23. xy' = ?M/x2 —-vi+y.

2y

26.25. xy' = y+xsin® =<
X

26.2. y'=l+sinl.
X X
2

26.4. y =Y Y,
X X

26.10.

26.12.

26.14.

26.16.

26.18.

26.20.

26.22.

26.24.

26.26.

xy' = y(l+ln¥j.

Xy'=2X° +y° +y.
xy'—y=xtgl.
X

xy' =y +2xsin’ 3,
X

2 2
X AXy+Y

y N

Xy'—y= ylnl.
X
xy' = y+2xt93—y.
X

xy' = y+xcoszX.
X

2

y =2 49 116,
X X



2
2627,y =Y +3¥ 41, 26.28. xy' =4X° +y? +y .
X X
2

26.29. y' =3cos? 2+ Y. 26.30. y' =2 4544
X X X X

3agdannn__27. 3HaiiTh pO3B’A30K uepeHliaNbHOrO  piBHSHHS,

3aJI0BOJIbHSE 3a/IaHy MTOYATKOBY YMOBY.

270y =L =, y(1)=0.
27.2. y' —yctgx =2xsinx, y(gj=0.
27.3. y’+ycosx:%sin2x, y(0)=0.
’ 2 T 1
27.4. y'+ytgx=cos° X, y(Z):E
' y 2 3
275 Yy ———=x"+2x, -1)=—.
y X+2 y( ) 2
X
276. y———y=¢e"(x+1), 0)=1.
Y=g y=¢ (x+1) y(0)
Y ; T
27.7. y'—==Xxsinx, — |=1.
v (3]
, 2x-5
27.8. y'— 2 y=5, y(2)=4.
27.9. y'+ 2=, y(1)=1.
2X
2X 2% 2
27.10. y'+ =—, 0)==
Y Ve v(©) 3

1o
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27.11.

27.12. y'+

27.13.

27.14.

27.15.

27.16.

27.17.

27.18.

27.19.

27.20.

27.21.

27.22.

27.23.

27.24.

27.25.

2 2
Sy =eX(x+1),
y x+1y ( )
y' +2xy =e ¥ sinx,

, 2y 3
=7 _ 1),
y X+1 (X+ )
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27.26. y'—yCOSX = —sin2x, y(0)=3.

27.27. y' —4xy = -4x%, y(O):—%.
.Y In x

27.28. y—==—- — =1.

8.y -7 vt y(1)=1
x2(1+x3)

27.29. y’—3x2y=T, y(0)=0.
Y 2

27.30. y—==——, 1)=1.
Y- = y()

3asdannsa__28. 3HaiiTh po3B’SI30K  AudepeHIliabHOrO  PIBHSIHHSA, IO

3aJI0BOJIbHSE 3a1aHi IOYaTKOBI YMOBH.

28.1. y"=sinx, y(0)=1, yg0)=0 y"(0)=0.
" 1 1 ! ”
28.2. y = y(1):z, y'(1)=y"(1)=0
1 3
28.3. y'= , =1, y'(0)==.
Y = o5 x v(0) v'(©) 5
" 6 ! ”
28.4. y =g y(1)=0, y'(1)=5, y"(1)=1
28.5. y" =4c0s2X, y(0)=1, y'(0)=3.
1
28.6. y" = , ~0. y'(0)=0.
Y=o y(0)=0. y'(0)=0
1
28.7. xy" =2, y(l):E, y'(1)=y"(1)=0
9 1 1
28.8. y" =¢", 0)==, y'(0)==, y"(0)=—=.
y"=e y(0)=g. v'(0)=5. ¥ (0)=—7
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28.9. y" =cos’ X,

28.10. y" = 1 ,
1-x?
2811 y'=—~
sin® 2x
28.12. y"=x+sinx,
28.13. y"=2sinxcos2x,
28.14. y = 9%
€0s” X
28.15. y" =e? +1,
" X
28.16. y =
28.17. y" =sin®3x,
28.18. y" =xsinx,
28.19. y"sin® x =sin2x,

28.20.

28.21.

28.22.

28.23.

y"=cosx+e”,

y"=sin’x,
y" =[x —sin2x,
yr/_ 1
cos? X
2
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28.24. y" =2sinxcos® X ,

28.25. y" =sin® xcos X,
28.26. y" =arctgx,,

28.27. y" =-2Cc0sXC0S2X,

28.28. y"=x-Inx,

28.29. y" = iz
X

28.30. y" =cos4x,

3agdannn 29. Po3p’s3aTu audepeHianbHe piBHIHHS.

29.1. (l—xz)y”—xy’:Z.
29.3. X*y"+x%y' =1.
29.5. y"XInx=y".

29.7. y"xInx=2y".
29.9, y" =2
y
29.11. y"=Yy' +Xx.
29.13. xy”:y’ln(Lj.
X

29.15. y"tgx=y'+1.

29.2. 2xyy" =(y')’ -1.
29.4. y"+y'tgx=sin2x.
29.6. xy"—y' = x%e".

29.8. X*y"+xy' =1.
29.10. xy"=y'.
29.12. xy" =y +x%.
29.14. xy"+y =Inx.

29.16. y"+2x(y')" =0.



29.17.

29.19.
29.21.

29.23.
29.25.
29.217.

29.29.

3agdannsn__30. 3HaliTH pO3B'SI30K

3aJI0BOJIBHSIE 33/]aHi TIOYaTKOBI YMOBH.

2xy'y" = (y’)2 +1.

y" + y"tgx =secx.

y'+4y =2x%.

x(y"+1)+y'=0.

y"+y =sinx.

2xy"y' = (y’)2 -4,

y'ctgx+y =2.

30.1. y"'=y'e’,

30.2. (y')" +2yy" =0,

30.3.

30.4.

30.5.

30.6.

30.7.

30.8.

30.9.

y'+(y') =0,

y"+2y(y’)3:0,

y'tgy=2(y'),
” ’2

2yy"=(y')",

w—(y) =V,

__ 1

y - Zygl

y" :1_(y,)2 y

20.18. y"- L =x(x-1).
29.20. y"—2y'ctgx =sin®x.
29.22. xy"—y' =2x%e*.
29.24. y"+4y" =cos2x .
29.26. x*y"=(y')".

29.28. y"xInx=y".

29.30. (1+x%)y" =2xy.
JdepeHIianbHOro  piBHAHHS,

y(0)=0, y'(0)=1.

o
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30.10.

30.11.

30.12.

30.13.

30.14.

30.15.

30.16.

30.17.
30.18.
30.19.
30.20.
30.21.
30.22.
30.23.

30.24.

30.25. y

30.26.

2yy”—(y')2+1,

"

2 2
" = ! =0,
e, )

y'(1+y)=5(y")’,
y”(2y+3)—2(y’)2
4y =1+(y')
2(y) =(y-1)y",
() = w',
y'+y(y) =0,
w'-(y') =0,
"—(y') =y’Iny,

. (Leiny)(y)’
y(1-Iny)

vy

y/r(1+ y)z(y;)z +yr ’



’

y

30.27. y”:T, y(0)=1, y'(0)=2.
y

30.28. y°yy"+1=0, y(1)=1, y’(l)zsg_

30.29. yy"—2yy'Iny=(y')’, y(0)=1, y'(0)=1.

030, y'= y(0)=y'(0)=0.

3agdannn 31. 3HaiiTH 3aranbHUI PO3B’ 30K JIHIHHOIO AU(EpEeHIIaTEHOTO

PIBHSIHHS IPYrOTO MOPSIIKY.

31.1. y"—-2y'+3y = f(X), axmo a) f(x)=0

6) f(x)=(2x-1)e*

B) f(x)=3sinx.
31.2. y"—2y'+5y = f(x), saxmo a) f(x)=0

6) f(x)=(3x+1)e”

B) f(x)=4cosx.
31.3. y"—2y'-8y = f (), sxmo a) f(x)=0

) 1(x)=(5x-3)e ™

B) f(x)=2sinx.
31.4. y"-12y'+36y = f (x), sxkmo  a) f(x)=0

) 1(x)=(x-4)e"

B) f(x)=5cosx.
31.5. y"-3y'+2y = f(X), saxumo a) f(x)=0

6) f(x)=(34-12x)e™

B) f(x)=2sin3x.
31.6. y"—6y'+10y = f(x),sxmo  a) f(x)=0

6) f(x)=(7x—-4)e™



31.7. y"+5y' -6y = f (), axmo

31.8. y"+6y'+10y = f(x), sxumo

31.9. y"-3y'+2y = f(x), axmo

31.10. y"+6y'+9y = f(x), sxmo

31.11. y"+4y'+8y = f (), sxmo

31.12. y"—5y'—6y = f(x), sxmo

31.13. y"—8y'+12y = f(X), sxmo

31.14. y"+8y'+25y = f (X), kim0

31.15. y"—9y'+20y = f (X), sixumo

B) f(x)=4cos2x.
a) f(x)=0

6) f(x)=(3x—5)e™
B) f(x)=3sin4x

a) f(x)=0

6) f(x)=(2x+5)e™
B) f(x)=cosbx

a) f(x)=0

6) f(x)=(5x+3)e*
B) f(x)=5sin2x

a) f(x)=0

6) f(x)=(48x+8)e"
B) f(x)=3cos4x

a) f(x)=0

6) f(x)=(4x-3)e*
B) f(x)=3sinx

a) f(x)=0

6) f(x)=(3x—2)e
B) f(x)=3cos2x

a) f(x)=0

6) f(x)=(16x—2)e™
B) f(x)=7sin3x

a) f(x)=0

6) f(x)=(x+3)e>
B) f(x)=3sin4x

a) f(x)=0

6) f(x)=(8x—5)e™
B) f(x)=3cos5x
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31.16.

31.17.

31.18.

31.19.

31.20.

31.21.

31.22.

31.23.

31.24.

y'—4y'+3y = f (x), sxumo

y'+2y+2y = f(x), sxmo

y'+2y'—24y = f (), Ao

y"+6y'+13y = f (). sxmo

y'+5y'+4y = f(x), sxumo

y'—4y'+29y = f (), Ko

y'—4y'+5y = f (x), sKmo

y'—6y'+9y = f (x), sxmo

y'+9y'+8y = f (x), simo

a) f(x
6) f(x
B) f(x
a) f(x
6) f(x
B) f(x
a) f(x
6) f(x
B) f(x
a) f(x
6) f(x
B) f(x
a) f(x

(
(
(
(
(
(
(
(
(
(
(
(
(
6) f(x
(
(
(
(
(
(
(
(
(
(
f(
f(
(

0
(2x-5)e”

4sinx .

2C0SX .
0
(Bx+7)e*
sin2x.
0
(5x+3)e™
4c0s5x.
0

(3x—4)e”
5sin 2x.
0

(5x+2)e™
3sin6x .

B) (X
a) f(x
6) f(x
B) f(x
a) f(x)
0) f(x
B) f(x
a) f(x
0) f(x

)
)

)
)
)
)
)
)

0
(2-3)e’
COS2X .
0

(3x+5)e™

B) f(x sin2x .

1
2
=0

=(9x-7)e*

COS2X.

X
X

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)=

1
f(x)==
B) 3

0
(—4x+3)e™
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31.25. y"—12y'+40y = f (x), saxmo a) f(x)=0

6) f(x)=(2x+5)e™

B) f(x)=%sin3x.
31.26. y"+4y' -5y = f(x),sxkmo  a) f(x)=0

6) f(x)=(3x+7)e*

B) f(x)=§cosSx
31.27. y"+2y'+y = f(x), axmo a) f(x)=0

6) f(x)=(5x+6)e

B) f(x)=sin4x.
31.28. y"+2y'+37y=f(x),smo a) f(x)=0

6) f(x)=(5x—8)e™

B) f(x):gcosx
31.29. 6y"—y'—y = f(x), saxmo a) f(x)=0

6) f(x)=(5x+3)e

B) f(x)=2sin3x
31.30. 2y"+7y'+3y = f(x),smo a) f(x)=0

6) f(x)=(3x—4)e™

B) f(x):%coﬂx

3agdanns 32. Po3p’s3aTi cucTeMy TU(epeHIiabHUX PiBHSHb.

%:2x+3y, %:3x+y,
32.1. d; 32.2. d; .

— =5X+4y. — =Xx+3y.

dt Y dt Y



32.3.

32.5.

32.7.

32.9.

32.11.

32.13.

32.15.

32.17.

32.4.

32.6.

32.8.

32.10.

32.12.

32.14.

32.16.

32.18.

— =-3X+2y.
q y
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32.19.

32.21.

32.23.

32.25.

32.217.

32.29.

32.20.

32.22.

32.24.

32.26.

32.28.

32.30.

dx

— =4x-y,
dt y
dy

— =—X+4y.
dt y
dx

— =5x+8y,
dt y
dy

— =3x+3y.
dt y
dx

— =Xx-by,
dt y
dy

=2 - _x-3y.
dt y
dx

— =6X+3y,
dt y
dy

2 —_8x-5
dt y
dx

— =4x+6Yy,
dt y
dy

— =4x+2y.
dt y
dx

— = —4x-8y,
dt y
dy

L= _4x-2
dt y
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MNPUKJIAJA PO3B’SI3YBAHHSA
Dynxuyii 060x 3MIiHHUX

Yacmunni noxioui QyHKyii 060X 3MIHHUX

3a O3HAYEHHAM YaCTHHHI MOXigHi (YHKIIT IBOX 3MiHHHX Z = f (X, y) y

TOYII P(x; y) 00UYHMCITIOIOTHCS 3a hopMyTaMH:
IO 3MiHHIA X —

f(x+Ax, y)—f(xy)

z, = lim
Ax—0 AX

10 3MiHHIA Y —

f(x y+ay)-f(x y)

z; = lim
Ay—0 Ay

Topsiz 3 MO3HAYEHHAMHU Z; Ta Z, BUKOPHCTOBYIOTh TAKOXK iHIII TIO3HAYEHHS
. . 0z , oz
—pigmoigo —, f/(x,y) ta —, f/(X,y).
aX X ( ) ay y ( )

3 O3HAUYCHHS YACTUHHHUX IOXiAHMX BHUIUIMBAE, IO IS iX 3HAXOMKCHHS
MOXKHa BHMKOPHCTOBYBAaTH BiJIOMi (OpMYJIM OOYMCIICHHS TMOXIAHUX (YHKIi#
OJHi€T 3MIHHOT, BBRXKAIOUH 1HIIY 3MIHHY CTaJIOH0.

Hpuknao 1. 3naiity yactunni moxigni Gynkmii z =5x'y* +3x° —4y> +7 .
[ Beaxaroun y CTajorw, 3HaX0IUMO

7! =5y? .(x“)x' +3(x* )x' —4(y3)x’ +(7),
=5y%-4x* +3-2x—0+0=20x’y* + 6x.
BBakaroun X cTanoro, 3HaXO0TUMO

" _eyt (y2)' 2\ _a(v3)’ !
2, =5x"-(y )y +(3x )y 4(y )y +(7),
=5x"-2y+0-4-3y* +0=10x"y -12y*. |

2
. . . X
Ilpuknao 2. 3HaiiTy 9acTUHHI OXiqHI QyHKIIi Z = arccos — .

[ BpaxoByroun npaBuiio audepeHitoBaHHs ckiIaaHoi GpyHKIii, KicTaHeMo

2 2
7! =(arccosx—] S S— X—j ' =—;~£-(x2) ' =
y . y . 4 X
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A O I AR S
2_ o4 2 | 24 2 2_ 4
y© =X y Yo=XTy Yyt X
YacTUHHUMH ~ TOXIAHUMHM  JIpyroro mopsaky ¢ysekmii  z= f (X, y)

Ha3UBAIOTHCS YACTHHHI MOXi/IHI BiJ il YACTMHHUX MOXIHUX MEPIIOTo MOPSIKY.
Hpuknao 3. 3HaliTh dYacTMHHI MOXiAHI APYroro mnopaaky QyHKII
z2=3xy" +5x> -2y +1.
[z = (3xy4 +5x° —-2y° +1)X' =3y* +15%%,
+5x° —2y* +1) " =12xy° -4y,

’
y

Jupepenyian ¢hynryii 06ox sminnux
HMudepenrian pynkuii z = f (X, y) obuncmoerses 3a popmyioro

dz:ﬁdx+gdy.
ox oy

Ilpuknao 4. 3uaiiti oBHuI mudepentian Gyukmii z = In (X2 + y2)
. . o .. 0L . 01 . .
[ 3Haiinemo wacTuHi moxinHi byHaKmii v 1 — Ta MiJCTaBUMO X y BUpa3
X
oz oz
dz =—dx+—dy.
ox oy

51



(In(x2+y2)>x’ _ xziyz '(X2+y2) P2

x Xy J
0. ’ 1 ' 2
§=(|n<x2+y2))y =x2+y2.<xz+y2)v =x2+yy2’

2X 2y
dz = dx d
X2 +y° +x2+y2 y

Jlughepenyiroeanns nes6no 3a0anux QYHKYit
SIK1o piBHSIHHS F(X, Y, Z)=O, e F(X, Y, Z) — mudepeHItiioBHa QYHKIIIS
3MIHHMX X, Y 1 Z, BU3Ha4yae Z sK (PyHKIIIO HE3aJeKHUX 3MIHHUX X 1 Y 1

’ . . . o e . e
F, (X, Y, Z) # (0, TO YaCTWHHI MMOXI1JHI IIi€] HESIBHO 3aJaHO0i (YHKIIIT 3HAXOATHCS
3a hopMynaMu

a_ F(xy2)

a_ F(uy)
ox FZ'(X, Y, z)’ oy FZ'(x, Y, 2)

Ipuknao 5. 3uaiitn 2—2 i Z—Z,ﬂKmo X’y —2y® +3z° —ycosz+7=0.
X y

[ Tosuaunmo F (xy,2)=x’y—2y* +3z> —ycosz+7.
3HaiiAeM0o YaCTUHHI ITOXiaHI:

F (% y, 2)=3x%y,

F/ (x Y, 2)=x*-4y—cosz,

F'(x Y, z)=6z+ysinz.

’ F' ' '
3a popmynamu @ = —M g = _V'(X—yz) :
o FZ (X’ Ys Z) ay Fz (X’ Y, Z)

oz 3%y

ox  6z+ysinz’

az _ xX*—4y—cosz
oy 6z+ysinz
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Jlughepenyiroeanns cknadnux QyHryii
Sxmo Z e crragHO (QYHKINE KUTHKOX HE3aJSKHUX 3MIHHUX, HATIPUKIIA],
z="f(xy), ze x=0(u,v), y=wy(u,Vv) (u,v — Hesanexsi sminni; f, ¢, y
— nudepeHuiifoBHi (YHKIIT), TO YaCTHHHI MOXiAHI Z 1m0 U 1 V 3HAaxXOAsAThCA 3a

bopmynamu:
oz o0z Ox oz oy
U ox au 5 au
oz _oz ox oz oy
N Xy
. oz oz ) 2
Ilpuknao 6. 3Haiittu —, —, sSKOlO Z=XY—-Yy°X, 1 X=U-COSV,
ou  ov
y=u-sinv.

[ 3Haiizemo moximHi 3 HpaBUX YaCTHH QOPMYIL:

62 2 2.\’ 2 /A 2 20\ ' 2

— :2 — , _—= — = —2 y
5~ 0V -yx), =20 -y o (xX*y-y*x) =x* ~2xy
X , oX , .
—u—(u~cosv)u =CosV, E_(wcosv)v =—usinv,
ﬂz(u-sinv)':sinv, Q=(u-5inv)':ucosv.
ou ! ov v

[MizcTaBumMo oTpuMaHi BUpasu y GopMyiH Juist TupepeHIiIOBaHHS CKITaJHAX
¢yuxuiii. Toxi, Maemo:

z (2xy y ) cosv+(x2—2xy)-sinv=

= (2u cosv-usinv—u?sin? v)-cosv+

+(u2 cos?v—2u cosv-usinv)~sinv =
=u”sinvcosv(2cosv—sinv)+u?sinvcosv(cosv—2sinv) =
=u”sinvcosv(2cosv—sinv+cosv—2sinv) =
=u”sinvcosv(3cosv—3sinv)=3u’sinvcosv(cosv—sinv) .

— = (2xy— yz)-(—u sinv)+(x2 —2xy)~ucosv =

= (Zu cosv-usinv—u?sin® v)-(—usinv)+(u2 cos®v—2u? cosvsinv)x

xucosv =—U’sin? v(2cosv—sinv)+u® cos’ v(cosv —2sinv) =
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=u’ (—Zsin2 VoSV +5in® v+ cos® v—2cos? vsin v) =

=u® [—Zsinvcosv(sinv+cosv)+(sinv+cosv)x

><(sin2 v—sinvcosv +cos? v)} =u’(sinv+cosv)(1-3sinvcosv). _|

Hoxiona @yuryii 3a Hanpsamom

Ioxianoto ¢ynxuii z=f (X, y) y Touni P(X;y) 3a nampamom €= PP,
HA3UBAETHCS
2 _ iy 1(R)=T(P) :
de PR-O PP,

ne f (P) i f (P1) — 3HavyeHHs QyHkuii y Toukax P i P, PP — Bimcranmp mix
OUMHU TOYKaAMU.
Skumo ¢pyHKIisS Z nudepeHiiiioBHa, To Mae Micie hopMmyna
oz oz oz .
—=—C0Sa+—SIno,
oe Ox oy
JIe 0. — KYT, 1110 yTBOPIOE BekTop € 3 Biccio OX.
Hpuknao 7. 3naiitn noxizay dynxmii z=x° -3x°y+3xy’ +1 y Toumi
P(2; —1) B nanpsmi Bix wiei Toukn 1o Toukn N (5; 2).
[ 3Haiinemo vacTHHHI MOXiHi KaHOT ¢byHKIT Ta 1X 3Ha4eHHs y Touri P :

82 2 2 82 2 2
—=3Xx"-6 3y, | — | =3-2°-6-2-(-1)+3-(-1) =27,
OX X ey (8ij ( )+ ( )

% _ 3¢ +6xy; {@j = 3.2 46.2-(-1)=—24.
oy Y Jp

3HaiizeMo KoopauHaTH BekTopa d = PN : &= {5-2,2-(-1)} ={3; 3}.
3HaiiieMo KOOpIAMHATH OpTa &, BeKTopa & :
3 .3 1 1
=3 +3 =\0+9=-32, & ={—; —}:{—;—} :
4 R EVCANCI R WA

. 1 . 1
3Bimcu €COSOL=—, SIha=——.

7 7

3a gopmymnoro g—gcosowgsinoc'
YO Za ~ ox '
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2 gt

1
=t =

Tpadienm ¢ynxyii

Ipamientom ¢ynkuii z=f (X, y) y toumi P(X;y) HasuBaeTbcs BekTop,

MIPOCKI[IIMH SKOTO Ha KOOPAMHATHI OCI € BIIMOBIAHI YACTHHHI MOXIiJHI JaHOI
G yHKIIIT:
— 0z.. O -
gadz=—i+—].
15,4

Hpuknao 8. 3uaiitn rpagient Gynkuii z = x°y y rouni P(1;1).

[ 3HaxoIMMO YaCTHHHI ITOX1JHI Ta TX 3HaYeHHs B Touli P :

@=2xy; (@) =2-11=2;
OX OX Jp

g:xz; [Q] =1 =1.
oy % Jp

Omxke, gradz =2+ . |

Pisnanna oomuunoi nrowunu i Hopmani

JIOTHYHOI0 TUIONIMHOK 1O TOoBepxHI y Toumi M  (Touka 1OTHKY)
HA3UBAEThCS TUIOLIMHA, B sIKi 3HAXOISTHCS BCl JOTHYHI y Touli M 70 pi3HHX
KPHBHX, III0 MPOBE/ICHI Ha MOBEPXHI Yepe3 L0 TOUKY.

Hopmammo m0 moBepxHi
IUIOIIMHY Y TOYLI JOTUKY.

Sxmo piBHSHHA HMOBEPXHI Y AEKAPTOBIA CHCTEMi KOOPIMHAT 3aJaHO Y SBHIH
dopmi z=f(x,y), ne f(X, y) — audepenuiiiona dynkiis, TO piBHAHHA

noTHaHOi IiomwHA y Toduwi M (Xo; Yo; Z,) TOBEpXHI Ma€e BUIJIS

-2y =, (%, Yo ) (X=% )+ £, (%, Yo ) (Y= ¥o)-

PiBHSHHS HOpMAaJIi Ma€ BUTIISA

X=X __¥Y=% :Z_Zo

fx,(XO’ yO) fy'(XO’ yO) _1

Ha3UBA€ThCA MEPNEHIUKYISIpP [0 JOTHYHOL
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Ilpuknao 9. Harucaty piBHSAHHS JOTUYHOI IUIONIMHY 1 HOPMaJi IO OBEPXHi
2

X .
z =5 y? yrouni M(2; -1 1).
rPiBHHHHH JOTHYHOI IUIOMIMHA Y Toulli M (XO; Yo Zo) MOBEPXHI Mae

BUITIAL Z—Z, = fx'(XO, Yo ) (X=X, )+ fy'(XO’ Yo)(Y—Yo)-
PiBHAHHS HOpPMaJIi Ma€ BUIJIS X7 _ Y% _ZI7h

fx,(XO’ yO) fy'(XO’ yO) _1

3HaiiieMo YacTHHHI MoxiaHi 1aHoi QyHKIIT Ta iX 3HaYeHHs y Touni M :
01 0z

—=X, || =2;

OX OX )y

gz—Zy, [QJ =2.
oy %Y Ju

3Biacu MaeMo:
z—1:2(x—2)+2(y+1) abo 2X+2y—z-1=0 - piBHSIHHS JOTHYHOI

TUIOIMHH,
x-2 y+1 z-1
2 2 -1

— piBHSHHA HOpMATL. |

Jloxanvhuti excmpemym GYyHKYii 080X 3MIHHUX
®ynknis f (X, y) Mae nokamermii Makcumym (mimivym) f(a,b) y Touni
P(a; b), SIKIO JUIA BCiX BigMiHHHX Bim P Touok P'(X; y) 3 JIEIKOr0 OKOIY
Toukn P Bukomyetbcs  mepiBmicts  f(a,b)>f(x,y)  (BimmosizHo

f(a,b)<f(x,y)). Makcumym abo mimiMym QyHknii HasuBaroTh i
eKCTPEMYMOM.

Heob6ximHa ymoBa excrpemymy. Touku, B skux AudepeHmiiioBHa (yHKIis
f (X, y) MOke HaOyBaTH EKCTPEMYMY, 3HAXOAATh IUISIXOM PO3B’s3aHHS CHCTEMH

PiBHSHB
f, (x y)=0
f, (x y)=0.

P03B’A3KM AaHOI CHCTEMH Ha3MBAIOTh CTAlliOHAPHUMHU TOUYKaMH.
HocraTHs yMOBa ekcTpeMyMy. Y cTamioHapHiH Todi P(a; b) 3HaXOAUMO

56



A=1(ab), B=f,(ab), C=f,(ab), A=AC-B.

Toxi: 1) sxmo A >0, To ¢ynkiis Mae exkcTpemym y Touni P(a; b), a came —
MakcuMyM, Skimo A< 0, i miHiMyM, skmo A>0;

2) sximo A <0, To exctpemymy B Touri P(a; b) Hemae;

3) sxmo A =0, To moTpiOHI MOAANBII JOCIIIKEHHS.

Ilpuxknao 10. Hocmimutu Ha EKCTPEMYMU (hyHKIIITO
z=4y> +3x’y-2x*-108y - 3.
y R f, (x y)=0
|_ 3HaI/IZ[eMO YaCTUHHI MMOX11H1 1 CKJIaAEMO CUCTEMY ,
f, (x y)=0
a_ 6xy — 4X, a =12y +3x*-108,
OX oy
6xy—4x=0 x(6y—-4)=0
abo
12y +3x*-108=0 12y +3x* -108 = 0.

Po3B’si3yeMo cucTeMy 1 3HaXOAMMO TPH CTALlIOHAPHI TOYKH: Pl[O; —J,

1043 2 1043 2
PRl—=|, Bl ——:=|.
3 '3 3 '3
3HaiigeMo TMOXigHI 2-TO MOPSAIK ﬁ— ﬁ—6X &
PAAEY ox? Yo OXoy Tooy?

obuncinmo A = AC —B? i1 koxkHOT CTaI[lOHAPHOT TOYKH.

2 2
) Toma R[0;2]: a=|Z2| -6.2-5, B=|2%]| —6.0-0,
6 o), e oxdy ),

2
c{‘a—fj -12,
A

A=AC-B*=5-12-0=60.
Ockinbek A>01 A>0, o y Touni P, ¢yHKIisS Mae MiHIMyM.
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2) Touxa P{%'%J: A:6-§:4, B= GM—zoﬁ C=12;

A= 4-12—(20\/5)2 — 48-1200 = —1152.

Ockinbku A <0, Toy Touni P, ¢yHKIisS He Mae eKCTpeMyMy.

3) Touku P{—M;E]: A=6~§=4, B:G-[ 10;/_}—20\/'

3 '3
C=12: A:4-12—(—20\/§)2 —48-1200 = -1152.

Ockinbku A <0, o y Touni P, ekcrpemymy Hemae. |

Vmosnuii excmpemym
YMoBHUM ekcTpemyMoM ¢ymkmii (X, y) HasuBaioTh excTpemym wiei
¢byHKLIT 32 yMOBH, IO ii apryMeHTH MOB’s3aHi PIBHAHHAM 3B’ 3Ky (p(x, y) =0.
JUtsi  3HAXOIKEHHS YMOBHOrO ekctpemymy ¢ymkuii  f (X, y) 3a ymosu
¢(x, y)=0 cknanarots pynkuito Jlarpamka
F(x y)=f(x y)+1-0(x Yy),

Je A — HEBU3HAYCHUH CTajquidi MHOXHUK. HeoOXimHI YyMOBH eKCTpeMymy
3BOSATHCS 10 CHCTEMH TPhOX PIBHSIHB 3 TPhOMA HEBIJOMUMH X, Y, A

Ui = i +A % =0

OX  OX OX

oF _of L1 00 op _0

oy oy oy

F
=o(Xx, =
o~ y)=0

HocraTHi yMOBH YMOBHOro excrpemymy. Hexait X,, Y,, A, — pO3B’sI30K
cucremu. CklaieMO BUSHAUHHK
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azF(meo’}‘o) 62F(X0!y0v7‘0) a(P(XO!YO)
ox? OXoy OX
AZ_GZF(XOvyw?‘o) GZF(XO,yO,XO) a(P(XO!YO) .
Oxoy ay* oy
a(P(XO'yO) a(P(Xo’ yo) 0
OX oy

Skmo A<O0, 1o ¢dysxuis f(x, y) mae y Toumi (X,,Yy o) YMOBHHIA
MaKCUMyM; KO A >0 — yMOBHUH MiHIMyM.
Ilpuknao 11. 3naiitn exctpeMyMu QyHKIIT Z=6-4X—3y 3a yMOBH, LIO

3MiHHI X i Y 3aJ0BONBHSIOTH piBHAHHA X° +Yy° =1,

rFeOMeTquHo 3a1a4a 3BOAMTHCA [0 3HAXOMKEHHA HaiOiabmoro i
HaliMEHIIOr0 3HAa4YeHb aIlUliKaTd Z IUIOMMHA Z=6—4X—3y a8 Touok il

nepeTuny i3 muminapom X° + Yy’ =1.
Ckianaemo ¢ynkuito Jlarpamxa
F(X y, %) =6-4x=3y+1 (X" +y* ~1).
Maemo ﬁ=—4+27»x, ﬁ=—3+2ky, F_y +y?-1.
OX oy O\

3 HeoOX1THOT YMOBH JIICTAEMO CHCTEMY PiBHSHb

—4+2)\x=0
-3+20y =0
XX +y’ =1,
PO3B’SI3yI0UH SIKY 3HAXOIUMO
S-SV SV SISV SV
2 5 5 2 5 5
3Hal1eM0 YaCTHHHI ITOX1IH1
o°F o O°F 0. 62F=2k.
ox* OXoy oy?
Ipu A 25, X = i, y =§ Ma€eEMO BU3HAYHUK
2 5 5
5 0 14
A=- 5 12/=20>0.
1,4 1,2 O
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. (4.3 . .
Otxe, y TOuLl 5 ; 5 (YHKIIS Ma€ YMOBHHUI MiHIMYyM.

IIpu K:—E, Xz—i, y=—§ MaeMO BU3HAYHUK
2 5 5
-5 0 -14
A=-| 0 -5 -1,2/=-20<0.
-14 -12 0

. (4.3 . .
OTxe, y TouIl gg (YHKISI Ma€ YMOBHUH MaKCUMYM.

Taxum yuHOM,
Zmax:6+?+§=lly Zmin=6—§—g=l. J

Hauibinvwie i naiimenute 3naueHus: Qynxyii

HudepenuiiioBHa QyHkiisi B 0OMexeHIi 3aMKHeHil obnacti HaOyBae cBOro
HaiOUIbIIOro (HalMEHIIOro) 3HaYeHHs a0 y CTalioHapHIN To4mi abo y Toumi
Mexi obJacTi.

Ilpuxnao 12. BusHauuTu HaiOlnbIne 1 HaliMeHIIe 3HaYeHHs QYHKIIT

Z=x"+Yy*—xy+Xx+y Bobnacri x<0, y<0, x+y>-3.

[ 3asmauena o6nacts € TPUKYTHUKOM.
yA
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1) 3maiinemo cramioHapHi Toukm: Z, =2X—Yy+1, z, =2y-x+1,
2x—y+1=0
2y—x+1=0"

HAJIEKUTH 00JIACTI.

-1
L Touka M (—l; —1)

X =
Po3B’sBytoun cuctemy, 3HaX0UMO {

Y touni M 3HaueHHs QyHKIIIT z(M ) =-1. JlochipKeHHS Ha eKCTPEMYM He

€ 000B’SI3KOBHM.
2) HocnipkyeMo QyHKIiI0 Ha MEXi 001aCTi.

SJxkmo x=0, T0 zZ=Y°+Yy i 3amaua 3BOAUTHCA 1O 3HAXOIKCHHS

HANOIIBIIOr0 1 HAWMEHIIOrO 3HAYEHb IIi€i (YHKII OMHOTO apryMeHTy Ha
Biapisky —3 <y <0. [loxinHa GyHKII:

Z'=(y2+y)'=2y+l. 3HaX0qMMO KPUTHYHI TOYKH 3 ymoBH 2 =0:
2y+1=0, y= —%. L5t TouKa HaIEXHUTDb BiJPI3Ky [—3, O] . 3HaX0AMMO 3HAYEHHS
GbyHKIIIT:

( 1 [ 1Y’ [ 1 11 1
7| - |=|-=| +|-=|==-==-=,
2 2 2 4 2 4

)=(-3)"-3=9-3=6,

Ipu y=0 wmaemo Z=x?+X. AHaIOri4Ho MIPOBOJIMMO JIOCII/DKEHHS Ha

HaiOlnbIIe 1 HaiiMeHIe 3Ha4YeHHs i€l (QyHKIIT OHOrO apryMeHTy Ha BiIpi3Ky
-3<x<0.

z’:(x2 +x), =2x+1.

2'=0: 2x+1=0, x=—%e[—3, 0].

IIpn X+y=-3, abo y=-3—-X MaeMO (yHKIIIFO
2=x2+(-3-x)" = x-(~3—X)+x+(~3-x) = 3x* + 9x+ 6 Ha BiIpi3Ky

—-3<x<0. JocmiKeHHS POBOANMO aHAIOTIYHO TTOTIEPEIHBOMY.
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z’=(3x2 +9x+6)l =6X+9.

2’=0: 6x+9=0, x=—§e[—3, 0].

2
(o
2 2 2 4
2(-3)=3-(-3)"+9-(-3)+6=6,
2(0)=0+0+6=6.
3) INopiBHIOEMO Bci 3HalineHi 3Ha4eHHS QyHKil Z . PoOMMO BHCHOBOK, IO
Z,i6. = 6 yToukax (0; —3) i (=3; 0);

Z,u, =—1 y cTamionapuiii Touni M (-1, -1). _|

HaiiM.
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Heesusnauenuii inmezpan
HeBu3HaueHHM iHTErpamoM j f(x)dx ¢ysxmii f(x) (sa mpomixky X))
HasuBatoTh Bupa3 F (X)+C, ne F(X) — onna 3 nepsicunx ¢ynkuii f (X), To6ro
F'(x)=f(x) (xeX); C —noBinbHa crana.

Ilpuxnao 13. J.gfxxz .
dx dx dx 1 Xx—3
I it ey e x e
:—llnx—_3+c
6 |x+3

(ckopucranucs BnactusicTio 1° TaGauunuM interpanom 11 mpu a=3). |
Ipuknao 14. j(4x3 +5c0s x) dx .

[ 3acrocyemo nociosHo Bactneocti 2° Ta 1°:
j(4x3 +5003x) dx = j4x3 dx+chosx dx = 4jx3 dx+5jcosx dx.

Juist oOuuCIIeHHs iHTErpajiiB y MpaBiii YacTHHI PIBHOCTI BHKOPHCTOBYEMO
TabnuyHi inTerpany BiamosigHo 1 (N=3) ta 4 i 0CcTaTO4HO AiCTAEMO

4
J‘(4x3 +5005x) dx = 4XT+55in x+C=x*+5sinx+C. |
5 3
Ipuknaod 15. || 4x——+— | dx.
P I ( X 2 ]
[ 3acTOCOBYEMO TIOCTIOBHO BractusocTi 2°, 1° i TaGmuuni inTerpam 1,

J‘(4x—%+%) dx:_[4xdx—J.5x‘2 dx+.|.%3X dx =

1

s, 1., X2 _x*t o1,
:4jxdx—5jx dx+—j3 dx=4—-5—+=3"In3+C =
2 2 -1 2

3*In3

_o 2y +C. |
X
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3amina sminnor

OOuncneHHs] HeBU3HAYCHUX 1HTErpajiB METOIOM 3aMiHU 3MiHHOT
IPYHTYETHCS Ha popMyIi

[ f(0(x)) @' (x) dx=F (o(x))+C,
ne F(x) —nepsicna gynkuii f(x); ¢'(x) — moximma Gynkmii @(X).
[Ipu 3acTocyBanHi (GOpMYaH HA MPAKTHIII 3PYYHO MEPEHTH 10 HOBOT 3MiHHOT
t, moxmaBmm t=q(x). Posriagaroun t sk QyHKIi0 3MIHHOI X, 3aIMIIEMO

mdepenmian dt :(p'(x) dx. B pesynbraTi OpUXOAMMO IO iHTErpajga BiIHOCHO
3MiHHOI 1 : '[ f(t)dt=F(t)+C. Ioknaumm y npasiii yactuni ui€ei piBHOCTI

t =¢(x), gicraemo ocraTouHo F( (X))+C.

SIko Maemo iHTerpai j dX TO MOro OOYMCIEHHS METOINOM 3aMiHU
3MIHHOI 3py4HO O)OPMIISITH B 3arajlbHOMY BHIIQJIKy HACTYITHHUM YHHOM:
t=0(X
I ) dx _j ) dx = (, ) =
dt = ¢'(x) dx

:jugszapc:F@unpc.

Ilpuknao 16. j -
x/Inx

. 1 .
[ Ockimpku (In X)’ == 10 micraHeMo
X

t=Inx

dx
IxJﬁ? dt_;d :X jJ_—&ﬁ+C=2JE?+c N

Ilpuknao 17. .[ dx.

cos’ X

. ' 1 .
[ Ockimpku (tgx) =—=—, To nicranemo
COS™ X

t=1tgx

_[ — dx= 1 =Ie‘dt=e‘+C=e‘g*+C
COS” X dt = dx

tgx

cos’ X
(ckopucTanucs TabnUYHNUM iHTerpasoM 3 mpu a=¢€). |
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X dx
x2-1"

Ilpuknao 18. I

’
[ Ockinbkn (x2 —l) =2X, TO BHKOHaBIIM TOTOXXHE IIEPETBOPEHHS

igiHTerpanbHOl QyHKII, AicTaHEMO
J~xdx _.[ 2xdx  ft=x*-1
X =1 7 2(x*-1)

dt = 2x dx
1 1
:EIn|t|+C :Eln|x2—1|+C. N

dt 1 dt
==l

]Hm@ZpyGaHHﬂ yacmuHamu

OOuncleHHs HEBU3HAYEHUX IHTErpasliB METOJOM IHTEIpyBaHHS YaCTHHAMHM
HOJISITA€E Y BUKOPHCTaHHI popMynn

judv:uv—jvdu ,
me U ta v — yskuii smisnoi X ; du=u’(x)dx, dv=v'(x)dx.
SIKIo MoTpiGHO OGYMCIMTH iHTErpan j f (x) dx, To mixinTerpanbHuii Bupas
f (x) dx cnix npexcraButy y BurAni UdV Tak, mo6 iHTerpan y npasiii yacTumi
dopmynn GyB HpoCTIIMM 3a 3ajaHuii j f(x)dx= ju dv. 3ayBakumo, 10

¢byHkiist Vv, ska ¢irypye y mnpaBiii 4acTHHI, 3HAXOMUTHCS 3a OYEBUIHOIO
dopmynoro V= jv’(x) dx = .[dv, sIKa O3Hauae, mo QyHKUis V(X) € nepsicHowo

cBoei moxizmoi V'(X).
Ilpuxnao 19. jx Cos2x dx .

[ Moxmazemo U=x, dv=cos2x dx. Toxi du=(x)'dx=1'dx=dx,
sin 2x

V= J-dV = j'cos 2x dx = (6epemo 3apamu ipocrot C = 0). 3acrocoByroun

(dhopmyy iHTErpyBaHHS YaCTHHAMM, ICTAHEMO

_[xcost dx:x-smzx—jsm2X dx =
2 2
_ xs;nx_%(—cozﬂx}rc _ x5|n2x+0052x+C. N
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Mpuxnao 20. [(5x—2)e* dx.
[ Iokmamemo u=5x—2, dv=e*dx. Tom du =(5X—2), dx =5dx ,

V= jdv = I e*dx=e". 3acrocoByrouun (GopMyily IHTErpyBaHHs YaCTHHAMHU,

ICTAaHEMO
j(Sx—Z)eX dx = (5x—2)e” —jeXde =(5x—-2)e" —5jex dx =

=(5x—2)e* —5e* +C =e*(5x-7)+C. |
Ilpuknao 21. jarcsin X dx.

. . R 2
[ Tokmanemo u=arcsinx, dv=dx . Tom du= (arcsinx) dx =

V= J' dx = X . 3a GpopMyJI0r0 iHTETPYBaHHS YaCTHHAMH

dx .

Iarcsin X dx = arcsin x-x—jx

1
J1-x2

OO0unCcIUMO 1HTErpall y IpaBiit YacTHHI METOIOM 3aMiHU 3MiHHOT:

J- x dx :_EJ-—Zxdx:tzl—xz :_EJ'E:
B2 20 i |di=—2xdx] 27\t

:_%.2\/t_+C =—J1-x* +C.
Toni,

Iarcsin X dx = arcsin x - X—(—\/l— x? )+C = xarcsin x+\/1— x* +C

Ilpuknao 23. J.L

5+ 2% — x?
|_ CrioyaTKy BHIUTMO ITOBHHHN KBaApaT BiTHOCHO X :
5+2x— x> =—(x* —2X+1-6) = —[(x2 —2~x'1+12)—6] =

=_[(x_1)2 —6}=6—(x—1)2

(ckopuctanmics popmynoro a’ —2ab+b* = (a—b)’).

OO6uncnroemMo iHTerpat:
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o =arcsinx—_l+C |

J‘\/ dx_z:I _dX_ZZJ‘ 2 2 \/E
5r2x—x* 7 \J6—(x-1) J(@) ~(x-1)

InmezpysaHHsa payioHaabHUX yHKYIt

Skuio migiHTerpaNpHa (YHKIIS — HENpaBHIBHUH pallioHANBHUN Ipi0, TO 3a
JIOTIOMOI' 010 JIUIEHHS HOro po3K/IafaloTh HA CyMy MHOTOYIEHA Ta MPaBHIBHOIO
paIioHaJILHOTO APO0Y.

3HaMEHHUK [PaBWIBHOIO  PAaLiOHANBHOrO JApo0y pO3KIajaloTh HA
MHOXKHHUKH. 3a BUIIISZIOM 3HAMEHHUKA TPaBWIBHUI pallioHaTBHUN Ipi0 MonaoTh
y BHUIJISZII CyMH HaWNpOCTIMHX JIpo0iB, BUKOPUCTOBYIOUM METO]] HEBU3HAYEHHX
Koe(iIiEHTIB.

[HTerpyroTh LIy YaCTHHY Ta HAHIIPOCTIilI APOOH.

x* +2x
IHpuxknao 24. dx.
P -f x*+8
[ [MininTerpansHa ¢yHKLISE — HENPaBWIBHUI paLioHAaJIbHUH Api0.

Buainumo iny yactuny:

x* +2x x* +8 .
- X4+8X X ' X +2X—X— 6X
6x X +8 X +8°
x* +2x 6X 6X x? 6X
3Bincw, dx=|| x— dx = | xdx + dx=—+ dx
B’”Ix3+8 I( x3+8j J jx3+8 2 jx3+8

. 6X . .
OO6uncnumo iHTerpan Imdx. Po3knagemo mifiHTerpansHy QyHKIi0 Ha

noma"ku. Tomi MaTUMEMO
6Xx 6Xx A Bx+C
3 = 3 = + 3 =
x* 48  (x+2)(x2-2x+4) Xx+2 x?-2x+4

A —2x+4)+(Bx+C)(x+2) x*(A+B)+x(-2A+2B+C)+4A+2C

x*+8 x*+8
Tomi, 6x=x"(A+B)+Xx(-2A+2B+C)+4A+2C. Maemo cucremy

2

X 0=A+B A=-1
x'| {6=—2A+2B+C.3gixcu, <B=1
x°| |0=4A+2C C=2
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Toni,

1
—(2(x=1)+6)dx
I[ ! 2X+2 jdx—ln|x+2| I—X+2)dx _In|x+2|—_[2(( ) )2 -
Xx+2 x*-2x+4 1) +3 (x—1)2+(\/§)
1 2(x-1) dx
=In|x+2|- E-[ dx+3j— =

(x-1) +(V3) (x-1) +(V3)
=In|x+2|-Iny/x* —2x+4 ——=arctg X l+C =

5
=|n|x+2|—ln\/x2—2x+4—\/§arctg$+c
4 2 _
Orxe, _[X3+2de:x—+ln|x+2|—ln\/x2—2x+4—\/§arctgx—1+c |
X°+8 2 NE)

Iumezpyeanns hynryitl, wo micmsamo ippayioHarbHOCMI

InrerpyBanHst (QYHKIIH, [OI0 MICTATh 1ppaliOHAIBLHOCTI, 30KpeMa BHIY
Ukx+b  (k#0). Y wsomy eumaaxy cmin moxmactn Ykx+b =t, seizxn

1/n m, ..
X=E(t —b),dx=?t Ldt.

Ilpuknao 22. J'\/_dx .

=t
r j\/?dx_ Xitz =jt-2tdt_zj tdt _, (t*-3)+3

= = dt=
X oo L3 t2 -3 t2-3
3 dt t—3
=2 (1+—jdt=2 dt+3(—I o i3t
I t?-3 I jtz_(@)z ( 23 t+\/_J
ot BBl e ok BBl
t+J§ X ++/3
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VYuisepcanona mpuconomempuuna niocmanoeka

OCKiJIbKM B 3HAMEHHHUK Apo0y (QYHKIIT SiN X 1 COSX BXOHIATH JiHIKHO, TO

Juts anredpaidHoi pamioHasi3alii maiHTerpaabHoi (yHKIT 3py4HO BUKOPHUCTATH

YHIBEpCaJIbHY TPUT OHOMETPUYHY Hi)lCTaHOBKy:

X . 1-t?
tg—=t, sinx=——, cosx=
2 t 1+t2
Ilpuxnao 25. Id—x
2sinX—Ccosx+5
X 2dt
tg= =t el
J- dx _ g2 :.[ 1+t _
2sin X—CcosX +5 2dt 2t 1-t?
dx=—5 27 2t
1+t| 1+t° 1+t
_ J‘ dt _ZJ' dt _1‘.‘ dt _
= = - == =
4t-(1-t")+5(1+t7) 6t +4t+4 37, 2, 2
3 3
t+ 1
:lj‘ dt :_I 5 :liarctg_‘?’.pcz
3 1Y Jg 345 5
t+- 4]y Y2 = a
3 3 3 3 3
X
3tg—+1
1 3t+1 1 2
=—arctg——+C = —=arctg—=—+C..
O e
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BusHaueHnii inTerpaJ
@opmyna Heromona-Jleiibuiya.

Busnauennit interpan ¢ymxuii f(X) Ha Bimpisky [a, b] — Ile 9ucio, fKe
b
nosnauarots ()f (x)dx. Tyr f(x) — miginTerpanbha dynKuis; [a, b] — Bizpizok
a
IHTETpyBaHHS; & Ta D — BIAMOBIJHO HIDKHS Ta BEPXHS MEXI IHTETpyBaHHSI.
BusHaueHuii iHTerpan o0uucitoeThes 3a popmynoro HeroToHa-JleiiOHia

ZOf (e =F () =F (0)- F(a),

ne F (X) — nepsicua ¢ynkuii f (X), To6T0 Fq(x) =f (x) Jlns 3HAXOMKEHHS
MEPBICHOI JOI[IbHO BHUKOPUCTATH BIAMOBIMHUIA HEBHU3HAYCHHHA IHTErpag —
of (x)dx=F(x)+C.

2

Hpuxnao 26. ¢yin xdx.
0

[ 3 rabmuui HeBn3HAuCHMX iHTCrpaiB ¢pinxdx =- cosx+C. Tomy,

3actocoByroun Gpopmyiny HetoTona-JleiiOHila, aictranemo

T

2
gpinxdx = - cosx[/* =- cosg- (- cos0)=0- (-1)=1. |
0

)Y X _ 4 -

Ilpuknao 27. G e* - 10x +1+X2 adX.

0

1 . s L
[ (‘%%ex- 10x* + ! 22dx=%>@x- 10xX—+arctgx: =
) 1+x°6 & 5 ,

= (5 e* - 2x° +arctg x)|(1) = (5 - 2 +arctgl)- (5 e’ - 2>0° +arctg O) =

=5e- 2+§- (5- 0+O)=Se+g— 7.
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3amina 3MiHHOL' Y u3HAYEHOMY THmMe2palli

b
Slkmo y BusHaueHomy imterpani - Of (X)dx BBOJUTHCS HOBa 3MiHHA

jt=t(x L . .

i ( ) TO CJIiJT 3MIHUTH MeXI1 1HTerpyBanHsa. HikHSI Mexa 1HTerpyBaHHS
7 dt =tg(x)dx,

t, BU3HAYa€eThCA K 3HAUEHHs BBEJICHOI 3MIHHOI B TOULll X = &, a BEPXHA Mexa 1,

it =t(a)

—BTO4Ui X =b, TO6TO |

it _t(b)'

Hpuknao 28. ‘O(eXz dx .

0

[ Hexaii t=x°. Tomi dt= (x2)¢dx =2xdx abo xdx= %dt ,

it =t(0)=0>=0
it, =t(2) =22 =4
2 e 2 A1t 1 [
Maemo  ¢ye* dx =¢p* xxdx = ¢p' % dt = = ¢p'dt =~e'| =
0 0 0 2 2O 2 0
1, 1, 1,1

ARG R O

9
Ilpuknao 29. bidx .

X +1

[ IToxnamemo «/_ =t. Tomi X=t?, dx=2tdt. Mexi iHTErpyBaHHS HOBOI

it =J4=2

3MIHHOI: | Maemo

it, —\/_ 3.
St+1-

o\/;—dx q—tht = 2q—dx ZO—dX =

+1 2

9

@l 18 A o, _ 3 _
CEt+1 t+1cz:Olt = 220?' tTladt =2(t- '”|t+]1)|2 =
( - In|3+1|)' 2(2' |n|2+1|)::6_ 2In4- 4+2In3 =

=2+2(In3- In4)=2+2|n% |
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Iumeepyeanns yvacmunamu

OOuncneHHs] BU3HAYEHHUX 1HTETpaliB METOJIOM IHTETPYBAaHHS YaCTHHAMH TIOJISITAE
y BUKOpHCTaHHI popmynu

b b
< T
Odv=uv|, - ¢ydu.
a a

1

Hpurnao 30. ¢ye*dx .

0
[ IMokTagemo u=x, dv=e*dx. Tonui du= (x)’ dx =dx,
V= jdv = Iex dx =e* . 3acrocoByroun (GopMyiy iHTETpYBaHHS YaCTHHAMH IS

BU3HAYCHOI0 iHTErpaja, JiCTaHeMO

1 ! 1
o X — 1 )eo X

e dx = (1>e 0 ) &l

0

1
Ocedx = x e =e- (el-e°)=
0

=e-e+l=1. |

Hpuknao 31. ¢y Inxdx.
1
[ TMoxmamemo u=Inx, dv=x’dx. Tom du=(|nx)’ dx=ldx,
X

3
X .
V= jdv = J x2dx =€ . 3acrtocoByroun (GopMyndy IHTETpYBaHHS 4YaCTHHAMH,

icTaHEMO
¢ X3 °xd 1 a=® 586 1°
NCInxdx ==—Inx| - O—*=dx = .—Ine- —Inl.- = &¢dx =
O 3, 93 %7 €3 3% 39

@ 1.6 1 & 1@ Bo_ & e 1 _28° 1 2°+1
e e e -
€3 3 533 3 383 35 3 9 9 9 9 9
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HesnacHi inTerpanu
Heenacni inmeepanu I poody

3a 03HaYCHHAM HeanacHi inmezpanu I pody 00UHCIIOIOTHCS 3a (OpPMYITaMu:
+¥ b
1) & — fim A )
) 9f (x)dx = lim aof (x)dx;

b b
2) of (x)dx = lim &f (x)dx;
) Of (x)dx = lim &f (x)dx;
-¥ a
+¥ 0 +¥ 0 b
3) Af _ A + A — lim A +lim & _
) Of (x)dx = f (x)dx+ F (x)dx lim &5f (x)dx lim 5f (x)dx
-¥ -¥ 0 a 0

SIKmo BKa3aHi TpaHMII ICHYIOTh 1 CKIHYEHHi, TO BIJANOBIJHI HEBJACHI
iHTerpau JTOPiBHIOIOTh 3HAYCHHIO IMX TPaHMUIb, a Y BHMAIKY 3) CyMi 3Ha4YeHb
JBOX TpaHuilb. [Ipy IbOMY HEBIIACHI IHTErPAId HA3UBAKOTH 301KHUMH.

SIKIo * BKa3aHi MpaHMIl JOPIBHIOIOTH HECKIHUEHHOCTI 200 He iCHYIOTh (IUis
BUMaaKy 3) xoua 0 OJHA 3 JBOX IPaHUIb), TO BiIMOBiJHI HEBIACHI iHTErpaiu
Ha3MBaIOTh PO301KHUMHU.

+¥ 1

Ilpuxnad 32. y——=dx.

X
1

Jx

- b b
L1 o1 .-
r

= bl@i)rp¥ (2\'/B ) 2\/i) )
Tak sx lim \/5=+¥ ,To lim (2«/5- 2)= +¥ .
b® +¥ b® +¥

Omxe, 3a0aHuii iHTErpan po30oiKHmiA. |
Heenacni inmeepanu Il pooy

Hemmacumit  imTerpan Il  pomy €  y3araibHEHHSM  BH3HA4YCHOTO
b

inrerpana Of (x) dx Ha BHIANOK, KONM MiJiHTErpanbHa (QYHKIIs f(x)
a

HeoOMeKeHa Ha BiJpi3Ky [a, b] .

Po3pi3HAIOTH TpU BUTIAIKU:
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1) f(x) HeoOMeXeHa y Toumi X=a (lim f(x)=). Toxi

x—a+0

b b
S‘)f (x)dx = |SI®I’T(] a+‘0£f (x)dx

Tyt i mam € >0, TOOTO € TpsAMYe IO HYJIA CIIpaBa.
2) f(x) HeoOMEXeHa y Touli X =D (lim f(x)=c0). Toxi

x—b-0
b-¢

b
Of (x)dx =lim & (x)dx (e>0)

3) f(x) HeoOMeKeHa y Toumi  Cl (a, b) (limf(x)=c0). Toxi

X—C

b c b c-g b
Of (x)dx = f (x)dx+ Bf (x)dx =lim & f (x)dx +1im & f (x)dx (c>0)
a a c a Cc+e

SIKmo BKa3aHi TpaHMII ICHYIOTh 1 CKIHYEHHI, TO BIJANOBIJHI HEBJACHI
iHTerpasi TOPiBHIOIOTh 3HAYCHHIO I[MX TPaHHUIb, a Y BHMAAKY 3) CyMi 3HAa4YEHb
JIBOX IpaHulpb. [Ipy 1[bOMY HEBJIACHI IHTETpalM HA3UBAIOTh 30DKHUMH. SIKIIO kK
BKa3aHi TPaHHUIN JOPiBHIOIOTH HECKIHUCHHOCTI ab0 He ICHYIOTh (JIs BUTAAKY 3)

xoua 0 ofiHa 3 JIBOX), TO BIAMOBIJHI HEBJIACH] IHTETPaJId HA3UBAIOTh PO30IKHUMH.
4

1
Ilpuxnad 33. y—=dx.
sVX-3

[ [MiginrerpansHa ¢GyHKUis HeoOMexeHa y Touni X = 3. 3HaX0AUMO

4

1ot
3:.lx_3dx_lsl®rr(]39 lx_ 3dX_I£I®n(;|(2 X- 3)3+£

=I£E®n3(2«/4- 3- 2J3+¢- 3)=I8i®ng(2>i- 2xfe)=2-0=2. |

2
1
Ipuxnao 34. ——dx.
L xInx

[ Taksx In1=0 , TO TIiAiHTerpanbHa QyHKIIS HeoOMexkeHa y Touri X =1.

t=Inx
1
29 ol 2 ; dt = (In x)%dx = = dx y In2 Ly
O dx=lim & X = X |=lim & ~dt=
xInx ©0:xInx mexci t; =In2 i) ¢
t2:|n(1+8)

- LE@I’TJ In|t||::(21+s) = Iui®n(} (ln In2- Inin (1+8)) _

74



OckinbkH |i®rTJ Inin (1 + 8) =-¥ | 710 3aJaHUH iHTErpas po30iKHMMA. |
€

3acTocyBaHHSI BU3HAYEHOI0 iHTErpaja
Obuucnenns niow niocKux gieyp
1. SIkmio Ha Bifpi3Ky [a, b] ¢byukuis y = f (x) HernepepBHa 1 f (x)3 0, To
wioma Kpusoainiinoi mpaneyii (puc. 1), oOMexenoi rpadikom GyHKIIT

y=f (x), npsMuMu X =a, X =b Ta Biccto OX, o0uncitoeTses 3a GopMyIoro

Ya
Y= 1

v
o

Puc. 1
2. Inomwa ¢irypu (puc. 2), obmexenoi 3uu3y rpadikom dynkuii y = f; (X),
3Bepxy — Y=, (X) Ta MpMUMH X = a, X = b, obuncmoeTses 3a hopMysio

yn

y = fz (x)

Puc. 2

Bimpi3ku, ski OOMEXyIOTh 3liBa Ta cmpaBa ¢irypy Ha puc. 2, MOXYTh
BUPOKYBATHCH Y TOUKH.

3. Slkio kpuBOMiHIKMHA Tparelis 00OMeXeHa KPUBOIO, 33/IaHOK0
TapaMeTpUIHO
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px=x(t)

iy=y()
bopmyoro

, IpsiMAMA X =&, X =b Ta Biccto OX, TO Ti IIOIA OOYHCITIOETHCS 3a

s = ¢y () elt)

ae x(a):a, X(B):b i y(t)3 0.
4. Tlnmoma KpuUBOMIHINHOTO cekropa (puc. 3), OOMEXKEHOro y MOJSIpHii

crucTeMi KOOpAWHAT HEICPECPBHOIO KPUBOIO p:p((p) Ta OPOMEHAMHU @ =,

¢ =p, obuncmoeTbes 3a HOPMYIIO0

Puc. 3

Ilpuxnao 35. OOuMcnuTH TUIONIY KPUBOIMIHIMHOI Tpamemnii, oOMexkeHOl

1
napaboior y = > x*, npsavumu X =3, X =6 Ta Biccio OX.
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[ KpuBoniHiiiHa Tpamemiss Ho3HayeHa Ha PUCYHKY IITPUXYBaHHSIM.
yAL

@) 3 6 X
X =3 =6

X

b
3naiinemo ii momy 3a popmynoo S = d f, (X) - (X)) dx:
6

6 . 3
s=¢c& - 08ix=1X =1(63-33)=1(216-27)=
®" " T273), 6 6

_lis o1 o =63 _
—6(6 3) 6(216 27) S =315 (xe.on). |

Ilpuknao 36. 3uaiitn momy ¢irypu, oOMexeHoi rpadikamMu QyHKIiH
y=6-x*, y=X.

[ y=6- x* — mapaGoma, BiTKH sKOi HampaBieHi BHH3. 3aTIOBHHMO
TaOIUIEO I 300pakeHHs mapadoiu:

o | B | -

y:6-x2|6|0| 0
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Jost 3HAXOJKCHHS
abcrmc (X, =a, X, =h)
TOYOK TEPEeTUHY Mapabomu 3
MPSMOIO PO3B’SHKEMO CHCTEMY
PIBHSHB!

ly=6-x’
|
Py =x
abo X +x- 6=0.
D =1- 44x-6) =25,

-1-J25

b 6-x*=

<Xy

—a=—=-3,

% 2

X, :b:%ZZ.
Hlykana ¢irypa

oOMexeHa 3HU3Y NPSIMOIO, a
3BepXy — napaboIom.

Tomy 3a popmyioro (8) OTPUMAEMO

2‘ , ~ 3 23 22
S=_(3i(6-x)-x)dx—§%x-% ; e%& EY 3
%y L0 Y

6 9 _125
2.

g 12-5-24’18 9+——?—20— (KB O,Z[) J

Judgpepenuyianvni pieHanna
Jupepenyianvii pignsinns 3 6il00KPEMIOBAHUMU SMIHHUMU
JudepenmiaabHIM PiBHIHHSIM HEPIIOTO MOPSAKY HA3UBAETHCS PIBHIHHS, SKE
MICTHTh HE3AJIeXKHY 3MIHHY X, HEBiIOMY QYHKIIO Y=Y (X) Ta i noxigny y':
’
F(x Yy, Y)=
HMubepenniancne  pisusuas  Bugy Y =f(x)-g(y)  Hasusaiots

mdepeHmiadIbHIM PIBHSAHHSAM 3 BiIOKpEMITIOBaHUMH 3MiHHEMU. [IpaBa dactmHa
PiBHSIHHS € TOOYTKOM BOX (DYHKIIIH, 3aJIeKHIX JIMIIE B ONHIET 3MIHHOI: TIepIna
(YHKIIISA 3aJISKATH JIUIIE Bi X , a Apyra — JIUIIe Big Y .
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. . d
Cxema po3B’si3aHHs AudepeHiianbHoro piBasHAs. Tak sk y' = d_y , TO MaEMO
X

y'=f(x)-g(y), a6o % = f(x)-g(y). [omMHOXMMO OGHABI YaCTHHH PiBHOCT

Ha BHpa3 (npumyckaemo, mo g(y)#0). OrtpumaeMo piBHAHHSA 3

_dx
g(y)

BiJIOKpPEMJICHMH 3MiHHUMU

d
Y _ (x)dx .
9(y)
VY niBii yacTuHi piBHOCTI MaeMo audepeHmian neskoi (GyHKIII Mo 3MiHHIHA
Y, ay npaBiii — 10 3MiHHIHA X .

[HTErpylOYM  piBHSHHS J.% :I f (X)dX+C , OTPUMaEMO 3arajbHUil

iHTerpain (po3B’s30K) Au(epeHIianbHOrO PiBHIHHS.
Hpuknao 37. y' =l2 .

X
[ e nmudepeHmiagpHe pIBHAHHA 3 BiJOKPEMIIOBAHMMH 3MiHHUMHU:

y 1 . , dy . .
y¢=—==—xy. Ockinpku y' = ol TO 3aIMILEMO HOr0 y BUIJISAIL
Xt X X

dy_y
dx x°
Jlist BiTOKpEMIIEHHS! 3MIHHHX TIOMHOXXHMO JIaHy PiBHICTh Ha OX 1 MOIIITUMO

Ha Yy . OTpuMaemo

dy dx
yox
[HTErpyeMO aHe PiBHSHHSL:
dy dx 1 . N ,
j? = IF ., Inly|= —;+ C, 3BiIKM 3HAXOMMMO 3aTalbHUI PO3B’A30K

1
—+C
3a4aHoro ,Z[I/I(l)epeHLllaJIBHOFO PIBHSAHHI — Y =€ o J

Ipuxnao 38. y' = y3".

[ e mudepennianbHe piBHAHHA 3 BiZOKPEMIIIOBAHUMHY 3MiHHIMHU:
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ﬂ=y3*, ﬂ=3de, jd—y=
dx y y

JSX dX, 3BigKM 3HAXOOWMO 3arajabHUIA

X

+C.
3 J

, 3
poss’szok In|y| = -

Hpuxnao 39. yN1+x2y +x1+y? =0.

[ Posp’smkemo 3azane PIBHSIHHS BiZTHOCHO Y ¢:

, —X «/1+ y?

y = .

N1+ x?2 y

Otxe, 1me audepeHIiaibHe PIBHAHHA 3 BiJOKPEMIIIOBAaHUMH 3MIiHHAMHU.

[TincraBumo y¢=d—y 1 BIIOKPEMHMO 3MiHHI, MOMHOXXHBIIM PpIBHSHHS Ha
X

y

J1+y?

dx:

ydy __ xdx
\/1+ y? N

3Bigcu Maemo

g

JI+y? =C—V1+x* . |

O0Hopioni Oupepenyianvbhi pigHsiHHs
JMubepenniansne pisusaps Y’ = f (X, y) HasuBaroTs OXHOPIAHMM, SKIIO

¢ynkmisn f (X, y) € OJIHOPITHOI (PYHKII€I0 HYITHOBOTO BUMIPY, TOOTO Jist Oy/ib-

sioro t >0 Bukonyetses piBmicts: f (1, ty) = f (X, y).
y

PiBHSHHS MOXKHA 3aIicaTh y BUIISIL Y = ¢ [—j .

Jns po3B’s3aHHSA pIBHSAHHA BBEIEMO JIOTIOMIKHY HEBIIOMY (DYHKIIFO

u= u(x) , TIOKJIABIITH Y U abo Y =UX, i IepeTBOPUMO OTHOPITHE PIBHIHHA y
X
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PIBHSHHS 3 BiJIOKPEMITIOBAHHMH 3MIiHHMMH. 3BilCH, 3HaXoaumo Y =U'X+U
Tomy 3aaHe piBHSHHS 3alUIIETHCS Y BUTIISIIL

u+xu'=g(u), abo xg—izg(u)—u.

. o du dx

Binokpemumo 3miHHI: ———— = —.
g(u)-u x

[poinTerpyBasim PIBHSIHHS,

onepxiMO jg(d—“_|n|x|+c.
u

u)-

OOuncnuBIIM 1HTErpaj y JiBiif YacTHHI 1 MiACTaBMBLIM 3aMicTh U BHpa3 y

OTPUMAEMO 3arajbHUi iHTErpai qudepeHIialbHOro PiBHIAHHSL.
Y Y
Ilpuknao 40. y' = =+sin=.
X X

[ [paBa yactuHa piBHSHHS — QyHKIis f (X, y)= X+sinl € OJIHOPIIHOIO
X X

(YHKIII€I0 HYJILOBOTO BUMIPY, OCKIJIBKH
y .y y .y
f(tx,ty)=—=4+sin===+sin==f (X, y).
( y) X tx x X ( y)
3acTocy€eMo MiACTAaHOBKY Y =UX, Y =U'X+U.

, Ux . UX
U'X+U=—+sin—,

u'x+u=u+sinu, u'x+u-u=sinu,
X X
, . . 1 du . 1 du dx
u'x =sinu, u’=sinu-=, — =sinu-=, — =",
X dx X sinu X
fj—uz % Inth=InC|x|, th:Cx,
sinu X 2 2
tgl=Cx.J
2X
2 2
Ipuknao 41. y’=#.
2X

2 2
: . X
[ TIlpasa uactuHa naHOro piBHSHHS — (YHKLsS f(x y)=Ly

2%
OTHOPITHOIO (PYHKITIEFO HYTBOBOTO BIMIPY, OCKIITBKHI
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() + ()" YY) xey?

f(tx, ty)= = =f(x,vy).
3acTocyeMO MiJCTAHOBKY Y =UX, Y =UX+U:
, X2+ xu? X2(1+U2) . 1+u®>  ,  1+u®
UX+U=—2, UX+U=—2, UxX+u=——,UX= -u,
2X 2X 2 2
2_ u-1)° u-1)°
U,X:U—ZU-‘rl’ u'x:u, u’:u,i_
2 2 2 X

HudepenuianbHe  piBHAHHA, SKE€ MH OTpUMajid —  DIBHSHHSI 3
B1JIOKpEMITIOBAHUMHU 3MiHHUMU. P03B’sKxeMo Horo:

d_U_ﬂl 2du  dx J- 2du _J-dx

dx 2 x’ (u-1° x' (u-1° 7 x’

_—2=In|x|+InC, _—2=InC|x|.
u-1 u-1

[TizcTaBuMoO B OTpUMaHe PiBHSHHS U = y :
X

-2 —2X . .
——=InC|x|, —==InC|x|, s3Bimkn 3HaxOmMMO 3arambHuii
y y—X
Y4

X

) . . 2X
PO3B’A30K 3a1aHOTO M(EPEHIIIANLHOrO PiBHIHHS — Y = X — TH .
nC|x

Jinitini oughepenyianvhi pieHsnms
Hudepeniianpae piBHIHHS BULY
y'+P(x)y=Q(x) a6o y' =—P(x)y+Q(x),
nme P(x) i Q(x) — memepepmi ¢ymkuii Ha aeskomy intepsani (a,b),
HA3UBAETHCS JIHIMHUM JudepeHIiaIbHIM PIBHSIHHSM MEPIIOrO MOPSIIIKY.
Y Bunagky, xomx P(x)=+Q(x) a6o Q(x)=0, piBusHEs €

mdepeHmiaJTbHIM PIBHSIHHAM 3 BiIOKPEMITFOBAHIMHU 3MiHHAMU.
€ KiTbKa METONiB pO3B’SI3aHHSA JIHIHHUX Ju(epeHIlialbHuX piBHSIHb.
PosrnsaeMo oxmH i3 HUX — MeTton bepHymoni. Po3B’sS30K piBHAHHS IIYKae€EMO Y
BHTIIAAL TOOYTKY
y=u-v,
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ae u=u (X) 1v= V(X) — HeBigomi ¢yHkuii. OgHy 3 mux GYHKOIA MOXXKHA
BHUOpaTH OBITLHUM YHHOM, a iHIIIAa BU3HAYAETHCS 3T1JHO 3 3aJaHUM PiBHSHHSM.
3naxomumo moxiaHy ¢ymkmii y: Yy =u'v+uv'. Iiacrasistoun y ta y' B
3aJlaHe PIBHSIHHSI, OTPUMAEMO
u'v+uv'+P(x)uv =Q(x),
uv+u(v'+P(x)v)=Q(x).
Bubepemo ¢yHKIi0 V Tak, 00 BUpa3 y AyKKax JOPiBHIOBaB HYIIO, TOOTO
V'+P(x)v=0.
V'+P(x)v=0
uv=Q(x)
3HaxoIUMO V 3 TIEpIIOro PiBHSHHS CUCTEMHU, SKe € Ju(epeHIliaIbHUM PiBHSIHHSIM

3 BIIOKPEMITIOBAHUMH 3MIHHUMHU:

%z—P(x)v, %:—P(x)dx, 3BiKH In|v|:—IP(x)dx, a6o

3BicH, MaeMO:

—| P(x)dx . . . .
v=e JP . Ilix HEeBM3HAYEHHM IHTETPAJIOM TYT PO3YMIEMO OIHY 3 HEPBICHHX
dynxuii P(X).

3Haroun V, 3HaXOIUMO U 3 APYroro piBHSIHHS CUCTEMH:

oy, WO g

dx v
du =Q(x)ejp(x)dxdx, u ZJQ(X)GJP(X)dX-i-C.

[MigcraBnsieMmo 3HaiiaeH! yHKHii U Ta V y GpopMyIny i OTpUMYEMO 3arajibHUMN
PO3B’SI30K JIIHIHHOTO AN(EPEHIIIATEHOTO PIBHIHHS:

y=u-v= g JPro (IQ(x)eIP(X)dXdXJer.

Ipuxnao 41. y' 2 y=2x%.
X

[ Maemo niniitne mudepeHIiaTbEe PIBHAHHS TEPIIOro Mopsaky. Horo
PO3B 30K HIykaemo y Burisimi Y =uv. Tomi y' =u'v+uv'. IligcraBnsemo y Ta

y' y 3amaHe piBHIHHS:

2uv
u'v+uv — = =2x°%,
X
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u’v+u(v’—&j= 2x°.

X
Bubepemo QyHkwito V Tak, mod
v'—ﬂ=o.
X
3HaxoquMo V!
L L VP T
X dx  x v X v X

In|v| =Inx?, 3Bigku v=X>.
[MigcraBnsroun 3HaligeHy (QYHKLiIO V B OTpUMaHe PiBHSIHHS, OTPUMYEMO
2x°

2 !

PiBHSAHHSA 11 3HAXOMKeHHs U . u'-x* =2x°, u’
X

dx

3HaX0IUMO 3arajibHUH PO3B’S30K 33JaHOro NudepeHIialbHOr0 PiBHSIHHS —
y:uv:(x2+C)x2 o]

Hpuknao 42. y' +ytgx=cos’ X.

[ Maemo niniiine nubepeHIianbae PiBHAHHS TEpIIOro mopaaky. Koro
PO3B 30K HIyKaemo y BUDIsAAi Y =uv. Tomi Yy =u'v+uv'.

2
d—u—2x, du = 2xdx,, jdu:IZde, u:2-x?+C, u=x*+C.

u'v+uv' +uvtgx = cos® X,
uv+u(v'+vtgx)=cos’ X .
BubGepemo GyHkiro V Tak, mo6 V' +vitgx=0. 3Haxoqumo V:

v dv dv
V' +vitgx =0, —=-vigXx, — =—tgxdx, j—z—jtgxdx,
dx v v
Inv|=1In|cos x|, 3Binku Vv =cosx.
[MigcraBnstoun 3HalaeHy QYHKIIIO V B PIBHSHHS, OTPUMYEMO PIBHSIHHS IS

2
cos”x du
= , —=c00sX, du=cosxdx,
cosx  dx

3HAXOMKEeHHSI U: U'-COSX=CO0S’X, U

jdu = jcosxdx , 3Bigku U =sinx+C .
3HaXOIMMO 3arajdbHUN PO3B’A30K 33aHOTO TU(EpPEHIIaTbHOTO PIBHSIHHI —

y=uv=(sinx+C)cosx. _|
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Jlughepenyianvhi piensanns 0py202o nopsoKy.
JudepeHialbHUM PIBHSHHSIM APYrOro MOPSIKY HA3UBAETHCS PIBHSIHHS, SKE

3B’s3y€ HE3AIEKHY 3MIHHY X, HEBIOMY (QYHKIIIO Y Ta HEpIIy i ApYry MoximHi

uiei ¢pynkmii: F (X, Y, V¢ y@ =0,

3arasibHUM ~ PO3B’S3KOM  JHQepeHLianbHOro  piBHAHHSA €  (YHKINA
y= (p(x, C, Cz), sIKa TIepeTBOPIOE TudepeHnianbHe PiBHIHHS B TOTOXHICTD ITPH
JOBIIbHUX (pikcoBaHUX 3HaueHH:X cTamux C, T1a C,.

Haiinpocrime audepeHianbie piBHAHHS JPYroro IMOPSIKY Mae BHIJIS
ydi= f (X), ae GyHKIs f(x) — 3amaHa. Po3B’spkeMo 3amaHe piBHSHHA. 3a

O3Ha4YeHHsM Jpyroi moximHoi Y@= (y¢)¢:¥. Toni maemo % = f(X).

3Bigcn, d (yq) =f (X) dx i y¢=0f (x) dx+C,, me C, — noBimpHa crana.
AHaJoriuHo 3HaXOXUMO % =0of (X) dx+C, abo dy= ((‘)f (x)dx +C1)dx ,

3BiOKU Y = d(‘)f (X) dX) dx+Cx+C,.
Hpuknao 42. y@= x> - 2x..

[ Lle audepenuianpHe piBHAHHA APYroro nopsiaky Bugy Y@= f (X)

d((ji@:xz- 2x, d(yq)=(x2- 2x)dx,

3 2 3

o= g’ - 2Kdx="p- 274G = 0o X 4G

ITocmigoBHO miCTaHEMO

) . )
(0]
Orxe, y¢:%- X +C,, dy = x?+Codx,

&3

a , 0 1x* X XX
X e+ dax==X - X icx+c, =X - Xicx+c, .
Y=Q3 %5 34 3 U 2 12 3 v

Orke, y=x'-x*+4x*+Cx+C,. |
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Ilpuxnao 43. y@=sin5x, skuo y(O) =2, yq(O) =-1.
[ Cnouatky 3maiinemMo 3araibHuii pO3B’SI30K 3a1aHOrO piBHSHHS. Lle

d(y9

piBHsHHA  BULy Y@= f (X) . TlocmigoBHO  micTaHeMO T =sin5x,
d(yg =sin5xdx, y¢=¢gin5xdx = %(‘jin 5xd (5x) = - %cosSx+C1 .
OcTaTo4Ho MaeMO y¢=- %cos 5x+C,, dy :g %COS 5x +Clcédx ,

el 0 1 .
= — +C,zdx=- —sin5x+C,x+C, .
Y= 50035x Cl(adx o sin5x+C,x+C,
3Haiiiemo po3B’s30k 3a1a4i Ko 3 ymoBamu y(O) =21 ydO) =-1:

%y(O)=-%sin0+CI>O+C2 =2

i

:':y¢(0):-£0030+C1:-1,

T 5

ic, =2 iC, =2

i 1 i 1 4 .

{-=+C,=-1 ;C =-1+==-2

t s ™ t 5 5
1 . 4

Omxe, y=- —sSIiNbx- —x+2.

TKE, Y o : |

Jupepenyianvui pignsanns opy2o2o nopsoxy, siki ne micmsams Y .
Hexa#t 3amano paudepeHmianbHe pIBHSHHSA JPYroro MOPSIOKY — BHIY
F(X,y¢y¢)=0, abo yd= f(x,yq), AK€ HEe MICTHTh SBHO IIyKaHOi (YHKLIi
y= y(x). 3pobumo  3aminy  Y¢= Z(X), tomi  y@f=z¢. [licramemo

mudepeHmiagbHe PiBHIHHS MEePIIOro HOPSIIKY
F(xz29=0,a60 z¢="f(xz),

SKmo BHAeThCS 3HAWTH 3aradbHUA PO3B’S30K Z = Z(X,Cl) PIBHSHHA, TO
OTpUMaEMO JH(epeHiaibHe PIBHAHHS HEpLIOro MOpsIKy Y¢= Z(X, Cl) . 3BixcH

MaeMo 3aralbHuil po3B’ 130K Y = (Y. (X,Cl)dx +C,.
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Ilpuxnao 44. ygklnx = y¢.
y

[ Jlane piBHSHHS 3alMIIeMO Yy BUIIISIL y#=|— i oTpumaemo
XinX

mudepeHnianbHe PIBHSAHHS JAPYroro TMOpSAKY BHAY Y@= f(x,yq). 3podumo

saminy Y¢=z. Tomi yd=z¢. JlictaneMo piBHAHHS 3 BiJOKPEMITIOBAHUMH

) z , .
3MIHHUMHU Z§¢= X Po3B’s13yemo Horo:
xInx

dz _ z dz _ dx .dz _ .d(Inx) _
dx xlnx'  z  xInx' z O nx Injz|=Infinx+InC,,

In|z| =In|C,InX|, z=C,Inx.
Ane z = y¢. Tomy Mmaemo

%:Cllnx, dy =C,Inxdx, ¢yly =C,dnxdx, 3Bigku
X

y=Cx(Inx- 1)+C,. |

Jupepenyianvui pignsnns opy202o nopsoxy, siki ne micmsams X .

Hexait 3amano audepeHmianbHe pIBHSHHSA —JPYroro IMOPSIOKY — BHIY
F(y, y¢ yq}) =0, abo yg=f (y, ygz), AK€ HE MICTUTh SIBHO HE3AJICKHY 3MiHHY

X . 3pobumo 3aminy Yy¢= p( ), ne P BBaxaerbes (yHkmiero Bim Y. Tomi
d .
y#=(y9%= pg= z dS di pPy¢= pgxp=ppg.  Tomy  micranemo
IudepeHLianbHe piBHSIHHA IEpIIOro MOPAaKy
F(y.p.ppg) =0, a60 ppg=f (y,p).
SIKIIO BAAETHCS 3HAWTH 3arayIbHUN PO3B’S30K PIBHSHHA P = p(y, Cl), TO

orpuMaeMo audepeHIiiaibHe PIBHSIHHS 3 BIJIOKPEMITFOBAHUMH 3MIHHHUMU
. dy

= v _dy _
ve=pl.C) dx_p(y'cl)'p(y,cl) P Opfy ey T

Ilpuxnao 45. y@=- %, SIKIIO y(- 1) =1, y¢(- 1) =
[ Maemo piBmsinast Buny Y@= f (y, yq). 3pobumo 3aminy Y¢= p(y),
2

y#= ppg. Jlicranemo piBHsIHHS 3 BiIOKPEMIIIOBAHUMH 3MiHHUMU: PPE=- — .

y

87



Po3B’sxemMo iioro:
dp 2 2 X 15 p’° y*
—_=-—, dp =- —dy, dp=-2 dy, —=-2—+C,,

1 2_ 1
2,4 2 —
p-=Yy +2C1: p __4+2C11(y© __4+2C1'
y y
Tak sk NOTPIOHO 3HAWTHM TINBKM TaKUHd YACTHHHUN pPO3B’S30K, SKUH

3aJI0BOJIbHAE 3a/laHi IIOYAaTKOBI yMOBM, TO MOXIMBO ofapa3y 3Haitu C;
(miacTaBIISAIOYM B OTPUMaHy PiBHICTH YMOBHU y(- 1) =1, yq(- 1) =1)

1=1+2C, U C, =0.
(BpaxyBaiu MOYaTKOBY yMOBY

Tomy maemo (yg)z :i“, 3BiIKM Y ¢=—
y y

yd-1)=1).
Po3B’s13yeMo nudepeHIfiaibHe PIBHIHHS 3 BiIOKPEMITIOBAHUMH 3MIHHIMH:
%:%, y*dy =dx, ¢y’dy = ¢ylx,
X

3

Y =x+C, 0 y* =3x+3C,.

[TigcraBnsieMo MOYATKOBY YMOBY y(- 1) =1 i smaxomumo: 1°* = 3>(— 1) +3C,,

4
3C, =4, C,=—.Toni y° =3x+4.Ocratouno MaemMo y =3/3x+4 . |

Hpuxnao 46. y@1+y)- 5(yg’ =0.
[ Maemo PIBHSAHHS BHIY F(y, y¢ y¢1) =0. 3pobumo 3amMiHy Yy'= p(y),

y#= ppg. icranemo piBHAHHSA pp¢(1+ y)- 5p° =0. BuHOCHMO CrIibHHIT

MHOXHMK P 3a IY>KKH:

p(pglt+y)-5p)=0.

MosxuB1 1B BUIIAIKH.

1) p=0, tom y'=0, y=const.

2) p§t(l+ y)- 5p=0. Ile piBHAHHA 3 BIXOKPEMIIFOBAaHUMH 3MiHHHMHU.

Po3B’s13yemo fioro:

dp _ 5d N . d
P - P> p—SO—yi/l, In|p|=5In]y +1+InC,,

d
1+y)—=5p, == =
L) =% 2=y Oy

In[p| =In|c,{y +1)°|, p=C,(y+1)", y¢=C.(y+1)'.
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e € naudepeHmianbHe pIBHAHHA 3 BIJOKPEMJIIOBAaHUMH 3MiHHHMHU.

Po3B’si3yemo  ioro: Yy =C, (y +1)5 , is =Cdx, dy +1)—5 dy =C, ¢yx,

dx (y + 1)
(y+1)* 1 s 1
2L =Cx+C,, ———=Cx+C,, (y+1)'=——.
-4 4(y+1) Cx+C,
3ayBa’KUMO, 1110 PO3B 30K Y = CONSt AICTAEMO i3 3arajbHOrO PO3B’A3KYy IPH
C,=0. |
y¢- Sy¢+4y =0.

[ Maemo PIBHSHHS BHIY (30). 3anuiieMo HOro XapaKTEepUCTUYHE

. 2 v
PIBHSHHS: k -5k+4=0. Po3B’soxkemMo Horo:

D=(-5)"- 441 =25-16=9>0, Toxi k1:5'—23:1 ik, :5—;’3:4.

Maemo nepimii Bunajziok (kopeHi fidicHi Ta pizni). Tomy 3a dhopmysoro (32)
3aranbHUi po3B’ 30k audepennianpHoro pipaanns — y =Ce* +Ce™. |

JIinitini 00nopioni oughepenyianvhi pigHsHHs Opy2020 NOPSOKY 3i CIATUMU
Koeghiyienmamu

Pigusinnas Buny Y@+ py¢+qy =0, me p i q — niicHi 4mcia, HA3HBAETHCA
JIHIAHUM OJHOPIAHMM JTUQEPEHIaTbHUM PIBHSIHHIM JPYroro MOPSAKY 31
CTaTMMU KoedilieHTaMH.

KBaapatHe  piBHSAHHS k*+pk+q=0 Ha3UBA€THCA  BIMIIOBiIHUM

XapaKTEePUCTUYHUM DIBHSAHHAM. 3aranbHHUI PO3B’S30K PIBHAHHSA 3aJISKHUTHh Bij
3HAa4YeHb KOPEHIB XapaKTEPUCTHIHOTO PiBHAHHA. MOXIIHMBI TP BUTIAIKH.

1. fxmo KopeHi XapaKTEpPUCTUYHOTO PIBHSAHHA MOIWCHI Ta pi3Hi, TOOTO
k, ' Kk,, To 3aranpHuii po3B’s30K qu(EPEHIiaTbHOrO PIBHSHHSI Ma€ BUIIISIL

y =Ce* +C,e** .
2. SIkmo KOpeHi XapaKTEepUCTUYHOTO PIBHSHHS MiWCHI Ta piBHI, TOOTO
k, =k, =k, o
y =€ (C, +C,x).
3. SIkmio KOpeHI XapaKTepUCTHYHOTO PIBHIHHI KOMILICKCHO-CIPSDKEHI
(D: p2—4q<0), t06T0 kK =a+if, k,=a-iB, me i =J-1 (ysBHa

OIIMHMUIIA), Ol = - g, Bp="———,10
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y =e”(C, cospx +C, sinpx).

Ilpuxnao 47. y@+8y¢+16y =0.

[ Ie piBnsnns Buxy Y@+ pyd+qy =0 . Horo xapakreprcTHuHe piBHAHHS
mae Burmsig k” +8k +16 =0, abo (k +4)2 =0. Tomy k, =k, =-4, T06T0 MaeMo
3araibHUI po3B’ 30K AUdepeHIianbHOro piBHARHA: Y =€ (Cl +C, X) -

Ilpuxnao 48. y@+4y¢- 5y =0.

[ Maemo piBHsHHA Buay Y@t py¢+rqy =0. 3ammcyemo BimoBigHe

XapaKTEePUCTHIHE PIBHSHHS: k®+4k-5=0. Po3B’s3yemo Hioro:
-4- -4-
D=4- 44X-5)=16+20=36, k, = 2*/%: 26:-5,
-4+36 _-4+6 . ,
k, = 5 = 5 =1. TOOTO MaeMo 3arajbHUi PO3B’A30K

mudepenniansaoro pipnauns: Y =Ce ™ +Ce*. |
Ilpuxnao 49. yd@+2y¢+10y =0.
[ Maemo piBHsHHS Buny Y@+ py¢+qy =0. 3anmcyemo BiImoBizgHe

XapaKTEePUCTUYHE PIBHSHHS: k?+2k+10=0. Po3B’s13yemo foro:
-2-4- -2-6i .

D=2%- 440 =4- 40=-36, =" . 26':-1-3|,

k, = "2+-36 = 2+0i =-1+3i. KopeHi XapaKTepUCTHYHOTO PIBHSHHA

2 2

KOMIUIeKCHO-cpspkeHi. [Ipu mpomy o =-1, B =3. MaeMo 3arajibHUIA pO3B’A30K

nudepennianbHoro pisasaus: Y =€ *(C,cos3x +C,sin3x) . |

O0Hopioni cucmemu OughepeHyianbHUX PieHsIHb

jdx
?f a =agXxta,y

Cucrema nudepeHmianbHUX PIBHSIHD | ne KoedilienTn a; —
}E =ayX+ayy

crami, t — He3almexHa 3MiHHA, X(t), y(t) — HeBimoMi (yHKII{, Ha3MBAETHCS

OJHOPIZHOIO CHCTEMOIO JIBOX JIIHIMHUX An(epeHIiialbHuX PIBHSIHD 31 CTAINMHU
Koe(ilieHTaMu.
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3amava Komri 11 cucreMu monisrae y 3HaXOKEHHI PYHKITH X (t) iy (t) , 110
3aJI0BOJIBHSIIOTH IaHYy CUCTEMY 1 3a/1aHi TOYaTKOBI YMOBH
x(t)=%. Y(t)=Yo-
Po3B’s3aHHs cucTeMH BUKOHYIOTh TaKUM YMHOM. BBakarouw, 1110 B MepIioMy
piBHSHHI cucteMu 8, ' 0, BUpa3uMo B HBOMY Y depe3 X :

. o dy 1 d°x a, dx
[poaudepeHIrioeMo 110 piBHiCTh MO T — = — —— - L=
poupeper Hop dt a, dt* a, dt

[TizcTaBnsroun oTpuMaHi BUpa3u B ApYre piBHAHHS CUCTEMH, OTPUMAEMO

1 d°x dx @l dx o)
a. dt? &d__aZlX—FaQZ\__- &X+!
a, dt® a, dt &

1 d?x _ay a22 dx a&ai
a, d’ 8a, a,bdt 8a, ?

d?x

d
2 - (all azz) dX (anazz 321812)X:O.

PiBHSIHHSL € JIIHIHHMM OJHOPIAHUM JU(EPEHIIATBFHUM PIBHSHHSAM JPYroro
HOPAAKY 31 cTanuMH KoedilieHTaMH 3 HE3aJISKHOI0 3MIHHOIO 1 1 HEB1IOMOIO

5
a,, aﬂax:O,

GbyHKII€0 X(t). Po3B’s13yeM0 HOro BiIHOCHO X(t). ITicig mpOro 3HaAXOIMMO

¢byHKLIIO Y (t) 1 3aIICYEMO OCTaTOYHY BiAIIOBib.

Ilpuknao 50. | t
i X +3y.
Tdt

[ Maemo CHCTEMY JBOX JIHIHHNX JU]epeHiaIbHIX PIBHSHD 31 CTAIMMH
koedilieHTaMu. 3 MEPIIOTO PIBHSIHHS BUPAKAEMO Y :

dx dx ldx 1

— =-X+5y, dy=—+X, y=-—+=X

dt y y dt y 5dt 5
JudepeniitoeMo oCTaHHIO PiBHICTE IO t 1 OTpuMyeEMO
dy 1d%x 1 dx

&t 5d 5dt’
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[MizcTaBumo 3HaiineHi y Ta d_)t/ B JIpyre piBHAHHS CHCTEMHU:

2 . 2
ld_;(+l%:)(+ %%+EX2, d_;(+%:5x+3%+3x,
5dt? 5 dt 5dt 5 8 dt2 dt dt
2
A% 2% gx=0.
dt dt

Le niniiiHe ogHOpiAHe qudepeHIiagbHe PIBHIHHS JPYroro NopsKy 3i
cranuMu koedinienTamMu BuIy. KopeHsmMu HOro xapakTepuCTHYHOTO PiBHSHHS
k?-2k-8=0 ¢ k =-2 ik, =4. Toxi 3aranbuuii po3B’ 30K 1IbOTO PiBHSIHHS

6yne matu Buras: X(t) =Ce® +C,e", ne C, i C, — noBinbhi crani. Tax sk
ax

. . . dx
el 2C,e ™ +4C,e™, To mincrasstoun sHaiineni X(t) Ta o ¥ BHpas sy

_1dx

(y= Tt +§X ), OTPUMAEMO

V)= 3 20e™ acet)eLoe™ rcet), y)=- Soe vt

3anuiieMo Ternep 3arajJbHUN po3B’SI30K CUCTEMU:
ix(t)=Ce® +Ce
|

i
iy(t)=- %Cle'Zt +C,e". |
|
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Jonatok 1.

Ta0auusa noxiZTHUX OCHOBHMX eJIeMEHTAPHHUX (YHKIIH

’

1. (c) =0 (¢ — crane uncro)

’
2. (X") =n-x"" (n — Gyap-sKe AilicHe uncIO)

3. (ax)' =a*lna (a>0,a=1)

30KpeMa, py a =€ : (ex)l =¢"

4. (log, x)' 1 (a>0,a'1)

xlna

3okpema, ipu a=e: (In X)/ =%

5.

. 2
sinx) =cosx

!

6. (cosx) =-sinx

8. (ctg x)' =-
9. (arcsin x)’ =
10.

11.

12

1°

2°

sin? x

(arccos x)' =—

(arctg x)' =

(arcctg x)' =-

OcHoeni npasuna ougepeHyito8ants QyuKyit

’

(C- f (X)) =c-f'(x), ze ¢ — crana.

’

(uxv) =u'£Vv', neu=u(x); v=v(X).
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He MIpaBUJIO y3arajJbHIOETHCA Ha ,HOBiJ'II)He CKIHYEHHE YKCIIO HOHaHKiBI

(uiviwi...iz)' =u'+VEws.. . £27.

3, (u'v)' =u'-v+u-v'.

’
o (U) _U-v—u-V
)T

5°, Hexait y=f [u(x)] — cxmagsa  Qynkuis, Tobro y=f(u), xe
u=u (X) . TyT U — IpoMiXKHMIA apTyMEHT, X — He3aliekHa 3MiHHa. Tomi

y'=f'(u)-u'(x).
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Tabauusa 0CHOBHMX HeBH3HAYECHHX iHTerpaiin

n+l

X
1. |x"dx= +C (n=-1).
I n+1 ( )
3okpema, ipu N =0: jdx:x+C
XZ
3okpema, pu N =1: dex:?+C

1 dx
3okpema, mpu N = —— : —=2«/;+C
pema, p > f\/;

2. Ix‘ldx=J‘%dx=J‘d—;=In|x|+C.

X

3. jax dx = I:a+c (a>0, a=1).
3okpema, pu a =¢€: jex dx=e*+C.

4, jcosx dx=sinx+C.

5. jsinx dx=-cosx+C .

dx
6. =tgx+C .
Icoszx g

dx
7. =—ctgx+C.
Isinzx g

8. jtg xdx =—In|cos x| +C
9. jctg xdx = Injsinx|+C

dx 1 X
10. Ix2+a2=5ar0tgg+c (a>0).

3okpema, ipu a=1: _[ =arctgx+C .

X% +1

dx 1, |x—a
11. =—1 C 0).
-[xz—a2 2a n|x+a|Jr (a>0)

j dx 1, [x-1

—|+C.
X+1

==In

3okpema, pu a=1: -
peNis, Tip X1 2

Jonatok 2.
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=arcsin — +C (a>0).

12.
R —
3okpema, npu a=1: I
\ll—x2
dx
13. :In‘x+\/x2+a‘+c a=0).
'[\/x2 +a ( )

3okpema, pu a=1: j ‘x+x/x + ‘+C In(x+\/x + ) +C.
\/x +1

=arcsinx+C.

Baacmueocmi He8U3HAYEHO20 iHmeepa/la

1°. [k f(x)dx=k[f(x)dx (k —crama, k=0).

2. [(f.(x) 5, (%) dx_j x)dx [ f, (x)dx.
LIS[ BJ'IaCTI/IBICTb y3araan}oeTbcs; Ha }IOBlJ'lI)He CKIH‘{GHHG YHUCJIO }IOJIaHKiB

[(£.00 % £, () £t £, (x))dx = £, (x)dxt [ £, (x)dx+...+ [ £ (x

3°. Skmo jf(x)dx =F (x)+C , o wis 6ynp-sikux cramux k tab (k ¢O)

[f (kx+b)dx=%F(kx+b)+C.
YactuuHi Bumaaky Baactusocti 3° (Bimmosiguo mpu b =0T1a k =1):
31 [f (kx) x =%F(kx)+C :

3.2°. jf(x+b) dx =F (x+b)+C
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