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�@4:B8G=4 @>5>B4 №1 

$>@<C64==O 9;9<9=B4@=8E A87=4;V6 B4 687=4G9==O WE A?9:B@V6  

 

"9<4. (>@<C20==O 5;5<5=B0@=8E A83=0;V2 B0 287=0G5==O WE A?5:B@V2   

1.1. #@O<>:CB=89 V<?C;ьA B0 9>3> A?5:B@ 

1.2. #@O<>:CB=89 @04V>V<?C;ьA B0 9>3> A?5:B@  

1.3. #@O<>:CB=89 2V45>V<?C;ьA 7 5:A?>=5=FV9=8<8 D@>=B0<8 B0 
9>3> A?5:B@ 
1.4. #>@V2=O==O A?5:B@V2 ?@O<>:CB=>3> B0 :>;>:>;>?>4V1=>3> 
(30CA>2>3>) V<?C;ьAV2 
1.5. "A>1;82>ABV 70AB>AC20==O ,#( (FFT) 4;O 30@<>=VG=8E 
A83=0;V2  
1.6. %?5:B@ 0<?;VBC4=>-<>4C;ь>20=8E A83=0;V2  
1.7. %?5:B@ G0AB>B=>-<>4C;ь>20=8E A83=0;V2 

�9B4. !02G8B8Aь ?@>2>48B8 4>A;V465==O A8AB5< H;OE>< 
<>45;N20==O 
 

%V8 68:>=4==O @>5>B8 

�0 B5:AB>28<8 D09;0<8 «$>@<C64==O A87=4;V6 6 A9@98>68IV 
MathCAD» V «!?9:B@4;ь=89 4=4;V7 A87=4;V6» >7=09><8B8AO 7V 
A?>A>10<8 D>@<C20==O A83=0;V2 V >A>1;82>ABO<8 >1G8A;5==O WE 
A?5:B@V2 21C4>20=8<8 DC=:FVO<8. &0:>6 >7=09><8B8AO 7 D09;>< 
MathCAD «$>@<C64==O 9;9<9=B4@=8E A87=4;V6». 

1.1. #@O<>:CB=89 V<?C;ьA B0 9>3> A?5:B@. 
&8< G8 V=H8< A?>A>1>< EHBD@G64F< ?@O<>:CB=89 

2V45>V<?C;ьA V, 28:>@8AB>2CNG8 21C4>20=C DC=:FVN �#((FFT), 

CB5G8G64F< 9>3> 0<?;VBC4=89 A?5:B@. 
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$8A.1.1 – �<?;VBC4=89 A?5:B@ ?@O<>:CB=>3> V<?C;ьAC 
 

&@820;VABь A83=0;C 281@0B8 7 <V@:C20=ь =0>G=>ABV CO2;5==O 
A?5:B@0. 

1.1.1. �87=0G8B8 @V2=V 2->W, 3-3>, 4-3> ?5;NAB>: A?5:B@0 ?> 
2V4=>H5==N 4> 3>;>2=>3> (2V4=>H5==O @V2=O ?5;NAB>: A?5:B@0 4> 
?>ABV9=>W A:;04>2>W). 

1.1.2. �87=0G8B8 7<V=C 0<?;VBC4=>3> A?5:B@0 ?@8 7<V=V 
B@820;>ABV V<?C;ьAC. 

1.1.3. �87=0G8B8 2?;82 7<VI5==O ?>G0B:C V<?C;ьAC =0 9>3> 
A?5:B@. 

1.1.4. �87=0G8B8 A?5:B@ A83=0;C B8?C «<50=4@» (B@820;VABь 
V<?C;ьAC = T / 2). 

"GF V 84?V 6 O>BEFV ;6VFG CB 6<>BAG64A<I ;4684AAOI 
CDB89@BAEFDG64F< H4=?< MathCAD, щB @VEFOFь A9B5IV8AV CBOEA9AAO 
;4 D9;G?ьF4F4@< 6<>BAG64A<I ;4684Aь. 

 9>B@9A8GєFьEO >B:A9 ;4684AAO BHBD@?OF< B>D9@<@ H4=?B@.  

�?O V?NEFD4JVW DV;A<I BC9D4JV=, O>V CBFD95GNFь CBDV6AOAAO 
D9;G?ьF4FV6 (A4CD<>?48, O> ;4 84A<@ ;4684AAO@ 8?O 6<;A4K9AAO 6C?<6G 
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A4 6<7?O8 EC9>FD4 FD<64?BEFV V@CG?ьEG) E?V8 6 H4=?V B8ABK4EAB 
CD98EF46<F< >V?ь>4 64DV4AFV6. 

 1.2. #@O<>:CB=89 @04V>V<?C;ьA V 9>3> A?5:B@. 
!HBD@G64F< ?@O<>:CB=89 @04V>V<?C;ьA V, 28:>@8AB>2CNG8 

�#( (FFT), ?>1C4C20B8 9>3> 0<?;VBC4=89 A?5:B@. 

$8A. 1.2 – �<?;VBC4=89 A?5:B@ @04V>V<?C;ьA0 

 1.3. #@O<>:CB=89 2V45>V<?C;ьA 7 5:A?>=5=B=8<8 D@>=B0<8 V 
9>3> A?5:B@. 
 !HBD@G64F< ?@O<>:CB=89 2V45>V<?C;ьA 7 5:A?>=5=B=8<8 
D@>=B0<8 (482. «(>@<C20==O A83=0;V2 2 A5@54>28IV MathCAD») V, 
28:>@8AB>2CNG8 �#( (FFT), CB5G8G64F< 9>3> 0<?;VBC4=89 A?5:B@. 

В<;A4K<F< 2?;82 =0 283;O4 0<?;VBC4=>3> A?5:B@0 «7020;C» 
D@>=BV2 ?@O<>:CB=>3> V<?C;ьAC (?>ABV9=>W G0AC D>@<C20==O D@>=BV2). 
�;O Fь>3> AD>@<C20B8 2-3 A83=0;C 7 @V7=>N ?>ABV9=>W G0AC D@>=BC V 
?>1C4C20B8 WE A?5:B@8, I> 4>72>;ONBь O:VA=> ?>@V2=OB8 7<V=0 @V2=V2 
?5;NAB>: A?5:B@0. 
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 1.4. #>@V2=O==O A?5:B@V2 ?@O<>:CB=>3> V :>;>:>;>>1@07=>3> 
(30CA>2>3>) V<?C;ьAV2. 

�>;>:>;>>1@07=89 (30CAV2) 2V45>V<?C;ьA >?8ACєBьAO 28@07><: 
 

- >?8A D>@<8 30CAV2Aь:>3> 
2V45>V<?C;ьAC, 

   F5=B@>20=>3> I>4> A5@548=8 
V=B5@20;C D>@<C20==O T. 

- ?0@0<5B@ 30CAV2Aь:>3> V<?C;ьAC, O:89 
287=0G0є 9>3> B@820;VABь =0 2V4=>A=><C @V2=V 
O_o. 

!HBD@G64F< ?@O<>:CB=89 V<?C;ьA B@820;VABN τ_i (2 <560E T / 
10 ... T / 15) V 30CAV2 V<?C;ьA B0:>W 6 B@820;>ABV 70 @V2=5< 0.1.  
 

 

 

 

 

 

 

 

 

$8A. 1.3 – #@O<>:CB=89 V 30CAV2Aь:V V<?C;ьA8. 
�5K<E?<F< ?> FFT A?5:B@8 V<?C;ьAV2. 

$8A. 1.4 – �<?;VBC4=V A?5:B@8 ?@O<>:CB=>3> V 30CAV2Aь:>3> V<?C;ьAV2 
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В<;A4K<F< A?V22V4=>H5==O H8@8=8 A?5:B@V2 V<?C;ьAV2, 2 <560E O:>W 
7>A5@5465=> 99% ?>BC6=>ABV A83=0;V2. �;O Fь>3> >1G8A;8B8 
2V4=>H5==O ?>BC6=>ABV (AC<8 :204@0BV2) 30@<>=V: 2 4V0?07>=V, 
>1<565=><C 7=0G5=8O<8  

m V n, 4> ?>2=>W ?>BC6=>ABV A83=0;V2 (B>1B> ?V4V1@0B8 7=0G5==O m V n, 
I> 70157?5GCNBь 7=0G5==O 2V4=>A8= ~ 0.99): 
 

�V4=>H5==O H8@8=8 A?5:B@V2, 709<0=8E B0:8<8 A83=0;0<8, 287=0G8B8 
O: 2V4=>H5==O 7=0G5=ь m 8 n. 

 1.5. "A>1;82>ABV 70AB>AC20==O �#( (FFT) 4;O 30@<>=V9=8E 
A83=0;V2. 

!0 V=B5@20;V <>45;N20==O   T:=1024 

EHBD@G64F< :V;ь:0 (G>B8@8) 157?5@5@2=8E 30@<>=V9=8E 
A83=0;C C 283;O4V 25:B>@V2 u 7 F8:;VG=8<8 G0AB>B0<8: 

F1: =3*1/T,       8       F2:=3.5*1/T 

F3: =100*1/T,   8       F4:=100.5*1/T 

 V, 28:>=02H8 ?@O<5 ?5@5B2>@5==O (C@'є (FFT), CB5G8G64F< 3@0DV:8 
0<?;VBC4=8E A?5:B@V2 AD>@<>20=8E A83=0;V2. 
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$8A. 1.5 – %?5:B@8 30@<>=VG=8E A83=0;V2 2 70;56=>ABV 2V4 
A?V22V4=>H5==O <V6 G0AB>B>9 30@<>=VG=>3> A83=0;C B0 V=B5@20;C 

<>45;N20==O 

 #>OA=8B8 2V4<V==>ABV A?5:B@V2 A83=0;V2 7 G0AB>B>N, :@0B=>N 

V=B5@20;C <>45;N20==O T B0 =5:@0B=>N. 

 

 1.6. %?5:B@ 0<?;VBC4=>-<>4C;ь>20=8E A83=0;V2. 

З@B89?N64F< 0<?;VBC4=C <>4C;OFVN =5ACG>W G0AB>B8 >4=VєW 
30@<>=V:>N =87ь:>W G0AB>B8. 

�=0;VB8G=89 28@07 � -A83=0;C: 

  >4C;NNG5 :>;820==O (7 0<?;VBC4>N = 1): 
 

 

)02sin())(1()( tftUmUmtu += ð
modam

)2sin()( tFtU = ð
mod
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Um – 0<?;VBC40 =5ACG>W G0AB>B8 :>;820==O (157 <>4C;OFVO) –  
?@89=OB8 = 1; 
m – :>5DVFVє=B <>4C;OFVW; 
f0 – =5ACG0 G0AB>B0; 
F – G0AB>B0 <>4C;OFVW. 
�B5G8G64F< A?5:B@ � -A83=0;C 70 4>?><>3>N FFT. 

!03040є<>, I> 4;O >B@8<0==O «?@028;ь=>3>» @57C;ьB0BC 
@>7@0EC=:C A?5:B@0 ?> FFT O: f0, B0: V F ?>28==V 1CB8 :@0B=V 1 / T 
(FV;5 G8A;> ?5@V>4V2 =0 V=B5@20;V <>45;N20==O), B>1B> ?@82;0A=8B8 
G0AB>B0< 7=0G5==O: 

f0 = n/T F = N/T 

45 n 8 N – G8A;> ?5@V>4V2 :>;820=ь G0AB>B8 f0 8 F =0 V=B5@20;V T. 

 

 

$8A. 1.6 – �  A83=0; B0 9>3> A?5:B@ 
В<;A4K<F< A?V22V4=>H5==O <V6 30@<>=V:>N =5ACG>W V 

30@<>=V:0<8 1VG=8E G0AB>B ?@8 @V7=8E :>5DVFVє=B0E 0<?;VBC4=>W 
<>4C;OFVW m = 1;  0.7;  0.5. 

�BOEA<F< D>@<C � -A83=0;C ?@8 ?5@5<>4C;OFVW (m > 1). 

0 500 1000
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 1.7. %?5:B@ G0AB>B=>-<>4C;ь>20=>3> A83=0;C. 
+0AB>B=0 <>4C;OFVO 0=0;VB8G=> >?8ACєBьAO 28@07><: 

))mod(2sin()( 0 tUmtfUmtu += ð  

45: 
 Um – 0<?;VBC40 A83=0;C (?@8 +  0<?;VBC40 ?>ABV9=0); 

f0 – =5ACG0 G0AB>B0; 
 Umod(t) – <>4C;NNG89 A83=0;; 
 m – V=45:A G0AB>B=>W <>4C;OFVW. 
#@8 +  <>4C;OFVW >4=VєN G0AB>B>N Ω (F): 

 

 

V=45:A <>4C;OFVW @V2=89 m= Δf/F (8;8  Δω/Ω); BCB 0<?;VBC40 
<>4C;NNG>3> A83=0;C ?@89=OB0 @V2=>N 1. 

Δf (Δω) – 452V0FVO G0AB>B8 - <0:A8<0;ь=5 2V4E8;5==O =5ACG>W 
G0AB>B8 ?V4 2?;82>< <>4C;NNG>3> A83=0;C 2V4 A5@54=ь>W – f0. 

"?CA:0NG8 BCB <0B5<0B8G=5 >1ґ@C=BC20==O, 2V47=0G8<>, I> 
+  A83=0; B5>@5B8G=> <>65 1CB8 ?@54AB02;5=89 =5A:V=G5==8< @O4>< 
30@<>=V:, I> >1G8A;NNBьAO G5@57 DC=:FVW �5AA5;O: 

õ
=

2=

+=
k

k

k tkmJUmtu ))cos(()()( 0  

45 Jk(m) – 7=0G5==O DC=:FVW �5AA5;O ?5@H>3> @>4C ?>@O4:C k (k 

- =><5@ 30@<>=V:8 @O4C (C@'є) ?@8 7=0G5==V 0@3C<5=BC m (7=0G5==V 
V=45:AC <>4C;OFVW). 

�8:>@8AB>2CNG8 D09; «+0AB>B=0 <>4C;OFVO», 6<;A4K<F< 7<V=C 
A?5:B@0 +  A83=0;C 2 70;56=>ABV 2V4 G0AB>B8 <>4C;OFVW F (2V4 N - 
G8A;0 ?5@V>4V2 <>4C;NNG>3> A83=0;C =0 V=B5@20;V T) V 2V4 452V0FVW 
G0AB>B8 Δf (2 % 2V4 =5ACG>W G0AB>B8). 

N ;@VAN64F< 6 @9:4I  1&5, 896V4JVN 6 % - 6 @9:4I 5&15% 

 

 

)2(cos()cos()mod( tFttU == ð
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þþ=

160 180 200 220 240
0

0.1

0.2

ck

k  
$8A. 1.7 – %?5:B@ +  A83=0;C 

%?5:B@ +  A83=0;0 15A:>=5G5= (482. �8I5), 0;5 2 ?@0:B8FV 
?5@5410G0єBьAO, I> G0AB>B0 A83=0;C, 709=OB0 +  A83=0;><, ?@81;87=> 
@V2=0: 

ΔF_G< ~ 2*(Δf+F) 

(� <560E B0:>W A<C38 7>A5@5465=0 >A=>2=0 ?>BC6=VABь +  
A83=0;C). 

�8:>@8AB>2CNG8 707=0G5=89 28I5 D09;, 6<;A4K<F< 72'O7>: <V6 
452V0FV9 G0AB>B8 V H8@8=>N A?5:B@0 +  A83=0;C (B>1B> ?5@5:>=0B8AO 
2 A?@0254;82>ABV ?@0:B8G=8E ?@8?CI5=ь ?@> H8@8=C A?5:B@0). 

' 28I52:070=><C D09;V @>7@0EC=>: 30@<>=V: A?5:B@0 +  
A83=0;C 28:>=0=89 <5B>4>< H284:>3> ?5@5B2>@5==O (C@'є (FFT).  

!5 =5FV:02> ?>@V2=OB8 @57C;ьB0B8 @>7@0EC=:C A?5:B@0 +  
A83=0;C ?> FFT p B5>@5B8G=8<8 7=0G5==O<8. 

' MathCAD є 21C4>20=V DC=:FVW �5AA5;O Jn (j, x): 
- 45 j - ?>@O4>: DC=:FVW, x - 0@3C<5=B DC=:FVW. 
�0AB>A>2CєBьAO 4> +  A83=0;C x - F5 7=0G5==O V=45:AC 

<>4C;OFVW m; 
j - =><5@ 30@<>=V:8 1VG=89 A<C38 A?5:B@0; 
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(�0@<>=V:0 =5ACG>W = Jn (0, m) 01> J0 (m)). 
�;O ?>@V2=O==O @57C;ьB0BV2 @>7@0EC=:C A?5:B@0 ?> FFT 7 

B5>@5B8G=8<8 7=0G5==O<8 6<69EF< 7=0G5==O 45:V;ь:>E 30@<>=V:, 
@>7@0E>20=8E @V7=8<8 A?>A>10<8 V CBDV6AOF< WE: 

�B5G8G64F< 45:V;ь:0 DC=:FV9 �5AA5;O: 

x 0 0.01ü 15þþ=

0 2 4 6 8 10 12 14
0.5

0

0.5

1

Jn 0 xü( )

Jn 1 xü( )

Jn 2 xü( )

Jn 3 xü( )

Jn 4 xü( )

0

x  
$8A. 1.8 – (C=:FVW �5AA5;O ?5@H>3> @>4C ?>@O4:0 0&4 

�=09B8 >4=5 7V 7=0G5=ь V=45:AC <>4C;OFVW m (?>@O4:C 6-9), ?@8 
O:><C 30@<>=V:0 =5ACG>W G0AB>B8 1C45 4>@V2=Nє =C;N, B>1B> 1C45 
?>402;5=0 (Jn(0,x)=0). 

�28G09=>, 4;O 287=0G5==O x (m), ?@8 O:><C Jn (0, x) = 0, B>1B> 
4;O 287=0G5==O G8A5;ь=8E 7=0G5=ь DC=:FVW V 0@3C<5=BC ?> 
?>1C4>20=8< 3@0DV:0< <>6=0 A:>@8AB0B8AO @568<>< 28<V@N20=ь 
MathCAD Trace. "4=0: ?@8 Fь><C =5 702648 70157?5GCєBьAO 

j 0 5þþ= c
n j+ 0.5 Jn j mü( )
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=5>1EV4=0 B>G=VABь >B@8<0==O @57C;ьB0BV2, B><C I> ?>:06G8: 4;O 
28<V@N20==O 2AB0=>2;NєBьAO BV;ь:8 =0 @>7@0EC=:>2V B>G:8. 

' B0:8E 28?04:0E (0 B0:>6 V ?@8 V=H8E @>7@0EC=:0E) 7@CG=> 
28:>@8AB>2C20B8 21C4>20=C DC=:FVN root 4;O >1G8A;5==O :>@5=O 
@V2=O==O. 

"1G8A;5==O :>@5=O @V2=O==O f (x) 2 MathCAD @50;V7>20=> 2 
42>E 20@V0=B0E: 

a) - root(f(x),x) 

f(x) – @V2=O==O, x – 7<V==0 @V2=O==O, 2V4=>A=> O:>W >1G8A;NєBьAO 
:>@V=ь. 

"1G8A;5==O :>@5=O @V2=O==O 28:>=CєBьAO G8A5;ь=8< <5B>4>< 
!ьNB>=0 (<5B>4>< 4>B8G=>W), B><C ?5@54 70240==O< DC=:FVW root (f 
(x), x) A;V4 7040B8 ?>G0B:>25 7=0G5==O (?5@H5 =01;865==O 4> :>@5=O) 
x0. 

1) - root(f(x),x,x_l,x_r) 

&CB 70<VABь 70240==O ?>G0B:>2>3> (?5@H>3>) =01;865==O 4> 
:>@5=O @V2=O==O 7040єBьAO 4V0?07>=, 2 <560E O:>3> V A;V4 HC:0B8 
:>@V=ь. (MathCAD ?5@H5 =01;865==O >1G8A;Nє O: A5@548=C 7040=>3> 
2 root 4V0?07>=C). 

�0AB>A>2CєBьAO 4> @>73;O=CB>W 7040GV 287=0G5==O V=45:AC 
G0AB>B=>W <>4C;OFVW 4;O ?@84CH5==O =5ACG>W G0AB>B8 m_0 <>6=0 
A:>@8AB0B8AO >1G8A;5==O<: 

m_0:=root(Jn(0,x),x,x_min,x_max) 

 

#> 7=0945=><C 7=0G5==N V=45:AC <>4C;OFVW 7040B8 28@07 4;O 
>1G8A;5==O 452V0FVW G0AB>B8 f (265 =5 G5@57 %) V 6<>BA4F< 

<>45;N20==O +  A83=0;C, >1G8A;8B8 V ?>1C4C20B8 9>3> A?5:B@ 
(30@<>=V:0 =0 =5ACG>W G0AB>BV ?>28==0 1CB8 = 0). 



�8B><8@Aь:4 
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�<VAB 76VBC. �2VB ?>28=5= <VAB8B8: 
1. $57C;ьB0B8 4>A;V465=ь. 
2. $57C;ьB0B8 @>7@0EC=:V2 B0 2V4?>2V4=V 3@0DV:8. 
3. �@>18B8 28A=>2:8: ?@> >1’є< 28:>=0=>W @>1>B8, G8 4>AO3=5=0 <5B0 
@>1>B8, G8 ?@0:B8G=V @57C;ьB0B8 A?V2?0;8 7 B5>@5B8G=8<8. 

�>=B@>;ь=V ?8B4==O 

1. �87=0GB5 ACB=VABь >1’є:BC <>45;N20==O 
2. �87=0GB5 ACB=VABь 3V?>B578 

3. �87=0GB5 ACB=VABь <>45;V 
4. �87=0GB5 <5BC <>45;N20==O 
5. �87=0GB5 >7=0:C 045:20B=>ABV <>45;V 
6. �87=0GB5 C<>2C ?@>2545==O <>45;N20==O 
7. �87=0GB5 :V=F52C <5BC 5B0?C 0=0;V7C A8AB5<8 ?@8 WW 
7>2=VH=ь><C ?@>5:BC20==V 

8. �87=0GB5 ACB=VABь <0B5<0B8G=>W <>45;V 
9. �87=0GB5 ACB=VABь DV78G=>W <>45;V 
10. �87=0GB5 ACB=VABь ?@>3@0<=>W <>45;V 
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�@4:B8G=4 @>5>B4 №2 

А6B>:>@9;OFV9=V DC=:FVW A87=4;V6 B4 <>89;N64==O 74648 

 

"9<4. (>@<C20==O 5;5<5=B0@=8E A83=0;V2 B0 287=0G5==O WE A?5:B@V2   

1. �2B>:>@5;OFV9=V DC=:FVW A83=0;V2  
�<VB0FVO 70B@8<:8 A83=0;V2  
�2B>:>@5;OFV9=0 DC=:FVO (��() ?@O<>:CB=>3> V<?C;ьA0  
#>@V2=O==O A?5:B@V2 B0 ��( ?@O<>:CB=>3> @04V>V<?C;ьA0 

2.  >45;N20==O 70204 
 >45;N20==O 702048 B8?C «1V;89 HC<»  

%?5:B@ B0 02B>:>@5;OFV9=0 DC=:FVO 702048 B8?C «1V;89 HC<»   

 >45;N20==O 702048 7 @5;5є2Aь:8< 70:>=>< @>7?>4V;C  
�9B4. !02G8B8Aь ?@>2>48B8 4>A;V465==O A8AB5< H;OE>< 
<>45;N20==O 

%V8 68:>=4==O @>5>B8 

 1. А6B>:>@9;OFV9=V DC=:FVW A87=4;V6 

 1.1. �<VB0FVO 70B@8<:8 A83=0;V2 (7AC2C ?> G0AC). 
 �0 D09;>< MathCAD «�4B@8<:4 A87=4;V6» >7=09><8B8AO 7V 
A?>A>10<8 V<VB0FVW 70B@8<:8 A83=0;V2, ?@54AB02;5=8E C 283;O4V 
25:B>@V2. 
#5@52V@8B8 V<VB0FVN 70B@8<:8 V<?C;ьAV2, 2 B><C G8A;V V ?@8  

 

 

�25@=CB8 C203C =0 F8:;VG=89 7AC2 A83=0;V2 2 <560E V=B5@20;C T. 

 1.2. �2B>:>@5;OFV9=0 DC=:FVO (��() ?@O<>:CB=>3> V<?C;ьAC. 

' 7030;ь=><C 28?04:C ��( ?5@V>48G=>3> A83=0;C @>7@0E>2CєBьAO:  

_z
T

2

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%D>@<C20B8 ?@O<>:CB=89 V<?C;ьA 4>2V;ь=>W B@820;>ABV V ?>1C4C20B8 

9>3> 02B>:>@@5;OF8>==CN DC=:FVN (��(): 
 1.2.1.  5B>4>< 7@CH5=ь V ?V4AC<>2C20==O 2 B8<G0A>2V9 >1;0ABV: 
"A:V;ь:8 G0A >1G8A;5==O ��( 2 B8<G0A>2V9 >1;0ABV H;OE>< 7@CH5=ь 
V ?V4AC<>2C20==O 42>E 7@07:V2 A83=0;C 4>A8Bь 25;8:5, :V;ь:VABь 
@>7@0E>2CNBьAO B>G>: =0 V=B5@20;V & 7040B8 2V4=>A=> =525;8:8< - 

1;87ь:> 128, 256. 
-480?07>= 7045@65: A83=0;0 

- 02B>:>@@5;OF8>==0O DC=:F8O 
 

 

- =>@<>20=0 ��( 

$8A.2.1 – #5@V>48G=0 ��( ?>A;V4>2=>ABV ?@O<>:CB=8E 
V<?C;ьAV2 

 

�;O V;NAB@0FVW ��(, @8A. 2.1, >48=>G=>3> (!� ?5@V>48G=> 
?>2B>@N20=>3>) A83=0;C R (Ä) <>6=0 A:>@8AB0B8AO =0ABC?=8< 
HBCG=8< ?@89><><: 

_z 0 T 12þþ=

R_z

K_z

K
0

=

0 100 200

0

1

R_z

T

2

_z

 2=
T

dttUtU
T

K
0

)()(
1

)( 

K_z
1

T
t

U
t
U
mod t _z+ Tü( )

õö÷
ø

ö
÷
ø

=
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- 6<>BA4F< F8:;VG=C ?5@5AB0=>2:C 5;5<5=BV2 25:B>@0 RÄ_z, 
(01>, V=H8<8 A;>20<8, 28:>=0B8 70B@8<:C ��( =0 T/2), I> V 1C45 
V<VBC20B8 >1G8A;5==O ��( 2 4V0?07>=V 70B@8<>: -T/2 ... + T/2 I>4> 
A5@548=8, @8A. 10. 

0 100 200

0

1

R_Imp_z

T

2

_z
 

$8A.2.2 – �<VB0FVO ��( >48=8G=>3> ?@O<>:CB=>3> V<?C;ьAC    
?@8 Ä –T/2&+T/2 

 1.2.2. �5K<E?<F< ��( ?@O<>:CB=>3> V<?C;ьAC ?5@5B2>@5==O< 
2 G0AB>B=>W >1;0ABV. 
��( B0:>6 <>65 1CB8 >1G8A;5=0 V G5@57 A?5:B@ A83=0;C: 

 

 

 

45 S*(jω) – :><?;5:A=> A?@O65=89 A?5:B@. 
 "G5284=>, I> 4;O >1G8A;5==O ��( 2 G0AB>B=>W >1;0ABV (G5@57 
A?5:B@) A;V4 28:>=0B8 ?5@5B2>@5==O (C@'є (FFT) V 28:>=0B8 73>@B:C 2 
G0AB>B=>W >1;0ABV: 

R_Imp

mod _z
T

2
+ Tüö÷

ø
ö÷
ø

R_z=




2

= 
ð

 djSjSK )()(
2

1
)( *
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- (8?O 66989AAO >B@C?9>EAB7B ECB?GK9AAO 74D@BAV> – 

[“] ?4C><) 

#>BV< 4;O >B@8<0==O ��( 28:>=0B8 72>@>B=5 
?5@5B2>@5==O (C@'є (IFFT) 

 �;O V<VB0FVW ��( >48=>G=>3> V<?C;ьAC <>6=0 2V4@07C ?@8 
@>7@0EC=:C 30@<>=V: 4;O ��( <>6=0 2V4@07C 6 V<VBC20B8 70B@8<:C =0 
T/2: 

 "G5284=>, 284 ��( V =>@<>20=>W ��( 1C4CBь 0=0;>3VG=V @8A. 
2.1 V 2.2. 

 

 1.3. #>@V2=O==O A?5:B@V2 V ��( ?@O<>:CB=>3> @04V>V<?C;ьAC V 
@04V>V<?C;ьAC 7 ;V=V9=>W G0AB>B=>W <>4C;OFVєN (�+ ).  

�0 D09;C MathCAD «%B8A=5==O A83=0;V2 (�+ )» 
>7=09><8B8AO 7 D>@<C20==O< @04V>A83=0;C 7 ;V=V9=>W G0AB>B=>W 
<>4C;OFVєN. 

�0@VNNG8 452V0FV9 G0AB>B8 W 4;O �+ , O:VA=> 287=0G8B8 

72'O7>: <V6 452V0FV9 G0AB>B8, H8@8=>N A?5:B@0 A83=0;C V H8@8=>N 
3>;>2=>W ?5;NAB:8 ��(. 

 2. �>89;N64==O 74648 

�0 B5:AB>2>3> D09;C «(>@<C20==O 28?04:>28E A83=0;V2» 
B;A4=B@<F<EO 7V A?>A>10<8 D>@<C20==O 28?04:>28E A83=0;V2 - 

?5@5H:>4. 
 

2.1.  >45;N20==O ?5@5H:>48 B8?C «1V;89 HC<» 

c_akf
k

c
k
c
k

⎯
=

K IFFT c_akf( )=

c_akf
k

c
k
c
k

⎯
 exp i2 2 ð k

1

T


T

2
ö÷

ø
ö÷
ø

=
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�;A4=B@<F<EO 7V A?>A>10<8 D>@<C20==O 28?04:>28E ?@>F5AV2 
(?5@5H:>48 B8?C «1V;89 HC<») - D09; MathCAD «#5@5H:>40 B8?C 
1V;89 HC<» V ?>1C4>2>N 3VAB>3@0< ?> @50;V70FVO< 28?04:>2>3> 
?@>F5AC. 

Вик>=ати: 
1. �<V=NNG8 7=0G5==O :V;ь:>ABV 2V4;V:V2 T, O:VA=> BJVA<F< 

2?;82 G8A;0 2V4;V:V2 @50;V70FVW ?5@5H:>48 =0 283;O4 3VAB>3@0<. 
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?5@H89 =07820B8<5<> A83=0;ь=8<, 4@C389 – >?>@=8<. �=B5==89 
:><CB0B>@ ?>A;V4>2=> ?V4:;NG0є 4> 2E>4V2 42>:0=0;ь=>3> ?@89<0G0 
?0@8 5;5<5=BV2 �$, 2818@0=V 73V4=> 0;3>@8B<C ?5;5=3C20==O. �;O 
70157?5G5==O :>35@5=B=>3> ?@89><C A83=0;V2 =0 7<VHC20GV >1>E 
:0=0;V2 ?@89><C ?>40єBьAO >4=0 V B0 6 28A>:>G0AB>B=0 =0?@C30, I> 
D>@<CєBьAO A8=B570B>@>< G0AB>B. 

�=B5@D5@><5B@ 7 F8D@>28< ?@89<0G5<, G8A;> :>35@5=B=8E 
:0=0;V2 O:>3> @V2=5 G8A;C 0=B5==8E 5;5<5=BV2 (��), @50;V7Cє 
<>=>V<?C;ьA=89 <5B>4 ?5;5=3C20==O. &0:89 ?5;5=30B>@ 70157?5GCє 
=091V;ьHC H284:VABь >1G8A;5==O ?5;5=3V2, 0;5 A:;04=89, 4>@>389 C 
283>B>2;5==V V =0;0HBC20==V. �06;828< 70240==O<, O:5 =5>1EV4=> 
28@VH8B8 2 <>=>V<?C;ьA=><C ?5;5=30B>@V, є 28:>=0==O 28<>38 
V45=B8G=>ABV 0<?;VBC4=>-G0AB>B=8E V D07>G0AB>B=8E E0@0:B5@8AB8: 
?@89<0;ь=8E :0=0;V2. �28G09=> F5 70240==O 28@VHCєBьAO H;OE>< 
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?5@V>48G=>3> :0;V1@C20==O 70 4>?><>3>N B5AB>2>3> 7>=4CNG>3> 
A83=0;C =525;8:>W ?>BC6=>ABV, I> ?>40єBьAO 2 ?@89<0;ь=V :0=0;8. 

 

 
$8A. 4.1 – %B@C:BC@=0 AE5<0 1030B>:0=0;ь=>3> :>@5;OFV9=>-

V=B5@D5@><5B@8G=>3> @04V>?5;5=30B>@0  
 

"A=>2=V DC=:FVW 42>:0=0;ь=>3> ?@89<0G0: ?5@5B2>@5==O 
G0AB>B8 @04V>A83=0;C, I> ?@89<0єBьAO, V ?5@28==0 DV;ьB@0FVO ?> 
?>1VG=8E :0=0;0E ?@89><C, B>1B> DC=:FVO ?V43>B>2:8 ?@89=OB>3> 
@04V>A83=0;C 4> ?5@5B2>@5==O 2 F8D@>289 283;O4. 

' 1;>FV 0=0;>3>-F8D@>2>W >1@>1:8 28:>=CNBьAO >A=>2=V 
>1G8A;N20;ь=V >?5@0FVW ?> 0;3>@8B<C F8D@>2>W >1@>1:8. #5@A>=0;ь=0 
�" , I> 2E>48Bь 4> A:;04C V=B5@D5@><5B@0, 28:>=Cє DC=:FVW 
:5@C20==O, >1G8A;5==O, 0 B0:>6 74V9A=Nє 2V4>1@065==O @57C;ьB0BV2. 

#@8=F8? @>1>B8 V=B5@D5@><5B@0 >A=>20=89 =0 ?>@V2=O==V D07 
?>;O 2 ?@>AB>@>2> @>7=5A5=8E B>G:0E 7 <5B>N 287=0G5==O >@Vє=B0FVW 
?>25@E=V @V2=8E D07, >4=>7=0G=> ?>2’O70=>W 7 =0?@O<>< ?>H8@5==O  

2V4 �$�. �1V;ьH5==O :V;ь:>ABV ?@>AB>@>2> @>7=5A5=8E ?0@ B>G>:, I> 
2V4@V7=ONBьAO <V6 A>1>N 2V4AB0==N «@>7=5A5==O» 01> 107>N V 
:CB>2>N >@Vє=B0FVєN 2 ?@>AB>@V, 4>72>;Oє 71V;ьH8B8 V=D>@<0FVN ?@> 
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AB@C:BC@C E28;V, I> ?@89<0єBьAO, V 2V4?>2V4=> ?V428I8B8 O:VABь 
D>@<C20==O :CB>2>3> ?@>AB>@>2>3> A?5:B@0 @04V>A83=0;C. ��, I> є 
40BG8:0<8 ?>;O, @>7B0H>2CNBьAO, O: ?@028;>, 2 ?;>I8=V 
?5;5=3C20==O (078<CB=>W ?;>I8=8), I> ?>2’O70=> 7 <>6;82>ABO<8 
B5E=VG=>W @50;V70FVW V45=B8G=8E D07>28E F5=B@V2 :>6=>3> ��. �;O 
70157?5G5==O >4=>7=0G=>ABV ?5;5=3C20==O 2 :@C3>2V9 7>=V =5>1EV4=> 
<0B8 ?@8=09<=V B@8 ��, @>7B0H>20=8E 2 ?;>I8=V ?5;5=3C20==O. 
�@0E>2CNG8 =5>1EV4=VABь A:0=C20==O 2 <560E 360  7 >4=0:>2>N 
O:VABN 28<V@N20=ь, �$ ?>28==0 1CB8 A8<5B@8G=>N I>4> WW D07>2>3> 
F5=B@C. �> A8<5B@8G=8E ?;>A:8E �$ 2V4=>AOBьAO 5:2V48AB0=B=V >4=>- 

B0 1030B>:V;ьF52V �$ 7 F5=B@0;ь=8< 0=B5==8< 5;5<5=B>< 01> 157 
=ь>3> [7]. 

$04V>?5;5=3C20==O ?@>2>48BьAO 70 <0:A8<C<>< 270є<=>W 
:>@5;OFV9=>W DC=:FVW, I> 1C45 :>;8 @V7=8FO t  G0AC ?>H8@5==O 
A83=0;V2 2V4 �$� 4> >1>E 0=B5= :><?5=ACєBьAO G0A>< ЛЗ  

@53C;ь>20=>W ;V=VW 70B@8<:8. 
�0 >FV=5=8< G8A;>28< 7=0G5==O< G0AC ЛЗ , O:5 <>6=0 

287=0G8B8 70 <0:A8<0;ь=8< @V2=5< =0?@C38 =0 28E>4V :>@5;OB>@0 
H;OE>< @53C;N20==O 2@CG=C 01> 02B><0B8G=> G0AC ;V=VW 70B@8<:8, 
<>6=0 287=0G8B8 :CB   <V6 =0?@O<:>< =0 �$� V =0?@O<:>< 0=B5==>W 
1078 d  V7 28@07C: 

d

c ЛЗ



=cos . 

� FV;><C :>@5;OFV9=V V=B5@D5@><5B@8 =0 Aь>3>4=V є 
=09?5@A?5:B82=VHV A5@54 @04V>?5;5=30B>@=8E A8AB5<, I> 7C<>2;5=> 
WE=V<8 =0ABC?=8<8 ACBBє28<8 ?5@52030<8 [6–8]: 

– O:VA=5 @04V>?5;5=3C20==O ?@0:B8G=> 1C4ь-O:8E 284V2 
@04V>A83=0;V2, C B><C G8A;V, H8@>:>A<C3>28E 7V A:;04=8<8 2840<8 
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– <>6;82VABь >1@>1;5==O B0 @>7@V7=5==O >4=>G0A=> 42>E 01> 
45:V;ь:>E A83=0;V2 2 >4=><C G0AB>B=><C :0=0;V, ?@8G><C O: 
:>35@5=B=8E (C ?@>F5AV ?@89<0==O 1030B>?@><5=52>3> 
28?@><V=N20==O >4=>3> 9 B>3> 6 �$�), B0: V =5:>35@5=B=8E (C ?@>F5AV 
?@89<0==O @04V>A83=0;V2 2V4 45:V;ь:>E �$�, A?5:B@8 O:8E 
?5@5:@820NBьAO); 

– =0O2=VABь 5D5:B82=8E <5B>4V2 7<5=H5==O V=AB@C<5=B0;ь=8E 
?>E81>:, 7C<>2;5=8E 270є<=8< 2?;82>< 0=B5==8E 5;5<5=BV2 V 
<VAF528E C<>2, O:V <>6CBь 2@0E>2C20B8AO 4;O 1C4ь-O:8E B8?V2 
0=B5==8E @5HVB>:; 

– 2V4ACB=VABь >1<565=ь =0 :>=DV3C@0FVN �$ @04V>?5;5=30B>@0, 
I> 4>72>;Oє 70AB>A>2C20B8 A:;04=V @5HVB:8 7 H8@>:>N 7>=>N 
>4=>7=0G=>3> @04V>?5;5=3C20==O V 28A>:>N @>7@V7=N20;ь=>N 
740B=VABN O: C 3>@87>=B0;ь=V9, B0: V C 25@B8:0;ь=V9 ?;>I8=0E; 

– 1V;ьH0, =V6 C D07>28E @04V>?5;5=30B>@V2, ABV9:VABь 4> 2?;82C 
:>35@5=B=8E @04V>70204 V 70204 C AC<VA=><C :0=0;V. 

�@V< ?5@5@0E>20=8E ?5@5203, :>@5;OFV9=V V=B5@D5@><5B@8 
4>?CA:0NBь ?>H8@5=5 70AB>AC20==O <5B>4V2 F8D@>2>3> >1@>1;5==O 
A83=0;V2 =0 2AVE AB04VOE 287=0G5==O ?5;5=3C. 

"A=>2=V =54>;V:8 :>@5;OFV9=8E V=B5@D5@><5B@V2: 
– A:;04=VABь @50;V70FVW, I> 28:;8:0=0 42>:0=0;ь=8< 

?@89<0==O< A83=0;V2, 2=0A;V4>: G>3> 28=8:0є =5>1EV4=VABь 
:>=AB@CN20==O A?5FV0;ь=8E H8@>:>A<C3>28E 42>:0=0;ь=8E 
@04V>?@89<0GV2 01> 4>@>1;5==O VA=CNG8E; 

– =5>1EV4=VABь 70157?5G5==O 2 @04V>?@89<0;ь=8E :0=0;0E 
@04V>?@89<0GV2 O:><>30 1V;ьH>W V45=B8G=>ABV :><?;5:A=8E 
:>5DVFVє=BV2 ?5@540GV; 

– =5?>2=89, ?>@V2=O=> 7 0<?;VBC4=8<8 @04V>?5;5=30B>@0<8 7 
2C7ь:>N �%, 70E8AB 2V4 :>35@5=B=8E @04V>70204 V 70204 C AC<VA=><C 
:0=0;V; 

– 28A>:0 >1G8A;N20;ь=0 A:;04=VABь V 2 @57C;ьB0BV =87ь:0 
H284:>4VO 01> 25;8:V 0?0@0BC@=V 28B@0B8, B>1B> =5>1EV4=VABь 4;O 
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B>G=>W >FV=:8 70B@8<:8 2 @50;ь=><C <0AHB01V G0AC 28:>@8AB0==O 
1030B>:0=0;ь=>W :>@5;OFV9=>W A8AB5<8 >1@>1:8 V=D>@<0FVW. 

 

%V8 68:>=4==O @>5>B8 

 1. �V4:@8B8 MathCad <>45;ь 157?>HC:>2>3> :>@5;OFV9=>-

V=B5@D5@><5B@8G=>3> ?5;5=30B>@0 7 1030B>5;5<5=B=>N ;V=V9=>N 
0=B5==>N @5HVB:>N B0 42>A83=0;ь=8< ?@89><>< (4@C389 A83=0; 
28ABC?0є 2 @>;V 702048), @8A. 4.2. 

 
$8A. 4.2 – #>G0B:>2V C<>28 ?5;5=3C20==O ?5;5=30B>@0 7 

1030B>5;5<5=B=>N ;V=V9=>N 0=B5==>N 

 

 2. �040B8 ?>G0B:>2V 40=V 4>A;V465==O – =0?@O<>: (:CB) ?@8E>4C 
@04V>A83=0;C ñ , 25;8G8=C 0=B5==>W 1078 

a
b . 

 3. �040є<> ?0@0<5B@8 A83=0;V2 1 B0 2 @04V>:0=0;V2 )(tS . 

4. �040є<> ?0@0<5B@8 F8D@>2>3> >1@>1;5==O (48A:@5B870FVW) – 
G0AB>BC 48A:@5B870FVW Fd , :V;ь:VABь =01@0=8E 2V4;V:V2 N , 2V:>==V 
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DC=:FVW Wk , =0 O:V <=>60BьAO <0A828 2V4;V:V2 ?@89=OB8E 
@04V>28?@><V=N20=ь 4;O ?>40;ьH>3> A?5:B@0;ь=>3> 0=0;V7C 70 
4>?><>3>N ,284:>3> ?5@5B2>@5==O (C@’є (,#() (FFT). 

5. �040є<> ?0@0<5B@8 =>@<0;ь=>3> 048B82=>3> HC<C 
@04V>:0=0;V2. 

6. �040є<> ?0@0<5B@8 ,#(. 

 7. �8:>=Cє<> :>@5;OFV9=5 >1@>1;5==O A83=0;V2 @04V>:0=0;V2. 
 8. �8:>=Cє<> >FV=:C ?5;5=30 

vimir
ñ , B0 ?>E81:8 ?5;5=3C20==O 

O: @V7=8FN <V6 7040=8< B0 >B@8<0=8< 7=0G5==O<: 
vimirgrad

ññ 2 . 

#>2B>@8B8 4>A;V4 30 @07V2 70 4>?><>3>N ?5@5@0EC20==O 0@:CH0 
<0B:04, :><1V=0FVO :;02VH (Ctrl+F9) B0 287=0G8B8 %�� >FV=:8 
?5;5=3C, @8A 4.3. 

 
$8A. 4.3 – �>@5;OFV9=0 157?>HC:>20 >FV=:0 ?5;5=30 7 28:>@8AB0==O< 

64-5;5<5=B=>W ;V=V9=>W 0=B5==>W @5HVB:8  

 

9. �>A;V48B8 70;56=VABь %�� >FV=:8 ?5;5=3C 4;O 4@C3>W <>45;V 
2V4 =0ABC?=8E ?0@0<5B@V2: 
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– 9.1. !0?@O<:C ñ ; 

– 9.2. +0AB>B8 A83=0;C (100-3000 �F 7 :@>:>< 100); 

– 9.3. �EV4=>3> 2V4=>H5==O A83=0; / HC<, 4�; 
– 9.4. #@>AB>@>25 @>7=5A5==O 70 =0?@O<:>< <V6 A83=0;>< V 

70204>N; 

– 9.5. &8? 2V:=0 G0A>2>3> A?5:B@0;ь=>3> 0=0;V7C; 
– 9.6. &8? 2V:=0 ?@>AB>@>2>3> A?5:B@0;ь=>3> 0=0;V7C. 
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3.  5B>48 2545==O @04V>B5E=VG=>W @>72V4:8. 
4. -> B0:5 28O2;5==O @04V>5;5:B@>==8E 70A>1V2 
5. /: @>1;OBь ?>HC: 70 =0?@O<:>< B0 G0AB>B>N 

6. /:V >A=>2=V ?0@0<5B@8 AB0B8AB8G=>W >FV=:8 

7. -> B0:5 <0B5<0B8G=5 >GV:C20==O? 
8. -> B0:5 %��? 
9. /: >FV=8B8 48A?5@AVN >FV=:8 4;O <0A82C 28?04:>28E 40=8E? 
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